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A b stra c t
The smallest bodies of our Solar System, such as asteroids and comets, are characterised by very irregular 
sizes and shapes and therefore, very irregular gravitational fields. Moreover, asteroids are also found in 
binary or multiple systems, which allow for complicated dynamics with coupling between translational 
and rotational motion. Classical problems used to study astrodynamics such as Kepler’s problem. Hill’s 
equations or the Restricted Three Body Problem cannot describe the dynamics near asteroids and comets 
as they do not take into account the non-spherical shape of the bodies.
In this thesis, the non-linear dynamical environment around rotating non-spherical bodies or around 
binary systems when at least one of the bodies is not spherical has been studied. The study consists 
of the analysis of different mathematical models that can be used to describe the movement of massless 
particles, such as dust or a spacecraft, orbiting an elongated body, the dynamics between the components 
of a binary system, or a spacecraft orbiting the vicinity of a binary asteroid. In order to do this an 
analysis and development of gravitational potentials has been performed. A gravitational potential that 
takes the shape of the non-spherical bodies into account has allowed us to describe the movement of the 
dusty environment of an asteroid, to design trajectories to approach and observe an asteroid, and even 
land on it. Furthermore, the effect of the shape and rotation period of asteroids and binaries on the 
dynamics has been studied.
The fact that asteroids and comets are not point masses but elongated irregular bodies leads to rich 
dynamics around them. Equilibrium points, periodic orbits and invariant manifolds exist in their vicinity. 
These are used in this thesis to design low cost landing missions to asteroids, understand the dynamics of 
binary systems or to explain a possible mechanism for the accretion of mass and formation of the Solar 
System.
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1. Introduction
1.1 M otivation
The last two decades have witnessed several missions sent to asteroids and comets. In 1996 the first 
spacecraft targeting an asteroid was launched. The NEAR spacecraft reached asteroid Eros becoming 
the first mission to successfully orbit an asteroid and to perform a controlled landing [22, 32, 23, 91]. 
In 1999, NASA’s Stardust spacecraft was sent to comet Wild 2  to collect samples from its coma, which 
were returned to Earth in 2006 [17]. In 2005, NASA’s Deep Impact mission impacted on comet Tempel 
1 [69]. The impact crater was then visited by Stardust in 2011. In 2005, JAXA’s spacecraft MUSES-C 
Hayabusa visited asteroid Itokawa to collect samples after a hovering-landing manoeuvre [53]. The first 
samples from an asteroid returned to Earth in 2010. Currently there are three missions on their way 
to small bodies. ESA’s Rosetta mission is planned to arrive at comet 67 P/Churyumov-Gerasimenko 
in 2014 having flown by asteroids Stein and Lutetia, NASA’s DAWN spacecraft which reached Vesta in 
2011, will arrive at Ceres in 2015 [6 8 ], and finally, NASA’s New Horizons mission which will visit, for the 
first time, a binary system: the Pluto-Charon system in 2015 and later the Kuiper Belt [85, 54].
This current interest in asteroids and comets, which has been reflected in a high number of contem­
porary space missions targeting them, can be explained by several factors (see [89]). First of all, the 
scientific community believes that they represent the remnant debris of the formation of the Solar Sys­
tem, and so contain information of how our planet was created. Secondly, some asteroids, specially those 
near the Earth can be explored with lower fuel consumption than any other body, which makes them 
very attractive as targets for scientific missions or for sources of extraterrestrial material. But another 
important reason for this increased interest is that asteroids and comets might pose a serious threat when 
they approach the Earth, becoming NEOs (Near Earth Objects).
Asteroids and comets have impacted the Earth and other celestial bodies of the Solar System in the 
past, possibly changing their dynamics, and they might have played an important role in life’s evolution 
on Earth. It is estimated that at least a thousand NEOs may be large enough to really threaten life on 
Earth [3]. Due to this fact, NEOs are tracked by observatories and considerable effort is put into the 
computation of their orbits to great accuracy.
Among the known asteroids, it is possible to find pairs of bodies or groups of three or four that orbit 
about their common centre of mass. It is believed that in the NEC population approximately 16% of the 
total are binaries, some of which have already been discovered [58]. Moreover, other binaries and multiple 
systems which are present in the main belt, in the Trojans population or in the group of transneptunian 
objects have been discovered^. Therefore, it is very possible that in the near future a mission targeting a 
binary asteroid will be planned. Although there have been several studies about mitigation of threatening 
asteroids (see [43, 44, 46, 77]), very few have considered the case of binaries or larger groups.
To be able to predict the dynamics of a spacecraft near an asteroid, design a NEO deflecting strategy, 
or describe the dynamics of multiple asteroids, it is necessary to have good models of the dynamical 
environment of asteroids. Since these are usually non-spherical, a study of the mathematical models that 
take shape into account is required. With them, the dynamical environment of irregular bodies will be 
modelled and understood
^http://w w w .johnstonsarchive.net/astro/asteroidm oons.htm l
1. Introduction
1.2 C hallenges
The largest bodies of the Solar System such as the planets and most of their moons have evolved very 
spheroidal shapes as a result of self-gravity and rotation. However, when observing pictures of the aster­
oids and comets visited by spacecraft, the first thing to notice is their extremely irregular shapes. Due to 
their smaller sizes and consequently smaller masses, self-gravity is not strong enough to overcome mate­
rial strength and cannot reshape them into spheres. Therefore, the smallest bodies of the Solar System 
are characterised by very irregular shapes and, consequently, very irregular gravitational fields. Hence, 
the classical mathematical models that reduce the bodies to point masses, such as Kepler’s problem, are 
unsuitable for planning missions targeting them.
Designing a mission to an asteroid is a very challenging problem. The main issue is the lack of knowledge 
about its shape, gravitational potential and rotational dynamics. The state of the art technique to orbit 
asteroids or comets is to send a spacecraft to the body at a large distance from its surface, and then spend 
some months orbiting it, observing it and taking pictures from different orbital altitudes, to develop a more 
accurate gravitational potential that allows the spacecraft to approach the asteroid. The gravitational 
potential developed is an expansion using spherical harmonics [61, 91]. By analysing the effect of the 
asteroid on the dynamics of the spacecraft more coefficients of the expansion can be computed. However, 
with this expansion the dynamics close to the surface are not accurate and control manoeuvres have to 
be carried out constantly.
After processing the data gathered by the spacecraft it is possible to have a fairly good approximation 
of the gravitational potential given by a polyhedron with many faces that approximately reproduces the 
shape of the body, assuming that the body has constant density. However, computing this potential is 
time consuming and it cannot be done on-board the spacecraft. It is therefore necessary to find other 
ways of computing the gravitational potential that can complement the spherical harmonics expansion, 
that are easy to compute, can be implemented on-board the satellite, and can be used to refine the 
potential as the spacecraft is approaching the surface of the body.
In this thesis we derive a gravitational model that can be used near the surface of an asteroid and 
complements the spherical harmonics expansion. Moreover, we give a methodology that can be used 
for landing on non-spherical bodies that is based on the non-linear dynamics that arises from the non- 
spherical shape.
When the target asteroid of a mission is a binary asteroid, the problem complicates even further, as 
not only the dynamics of the spacecraft in the vicinity of the binary are important, but the dynamics 
of the binary itself have to be taken into account. Binary asteroids formed by two rigid bodies orbiting 
their common centre of mass are characterised by coupling between the rotational and orbital motion. 
Several simplifications of the problem have been studied that still allow for the coupling but reduce the 
number of degrees of freedom such as considering one of the bodies to be a sphere. For this case relative 
equilibrium points have been computed and it has been observed that many binaries are in a relative 
equilibrium configuration, when at least one of the bodies is synchronously rotating. However, there are 
many forces acting on the system apart from their mutual gravity and therefore the relative equilibrium 
configurations are perturbed. As the problem is chaotic and cannot be solved analytically, there is a need 
for the study of the near equilibrium dynamics, and to find approximations of the trajectories of both 
bodies that encapsulate information of the full dynamics. In the present work, we analyse the linearised 
dynamics close to equilibrium points and we give an approximation of the dynamics that can be used for 
small oscillations around the equilibrium.
When the binary is in an equilibrium configuration, the dynamics of a massless particle in its vicinity 
resembles the well known Restricted Three Body Problem (RTBP) and the work done in this problem 
can be adapted to this particular case. However, the difference in time scales between this system and 
the RTBP is considerable and this fact poses a challenge in particular to station keeping as the control 
manoeuvres will have to be performed constantly. When the binary is not in an equilibrium configuration, 
a further challenge is presented by the non-autonomous dynamics that arise from the binary.
The presence of a satellite orbiting a body allows for a direct measurement of the asteroid’s mass 
using Newton’s laws, and consequently gives information on the density and internal structure of the 
body. Moreover, the existence of binary and multiple systems, has caused the scientific community to 
pose questions about formation of the systems and their dynamical evolution and history. Answers to
1.3.Aims and objectives
these questions are of fundamental importance to understand the formation of our Solar System and, 
in particular, of the Earth-Moon system. In the literature, there are many studies that try to explain 
the formation and evolution of asteroids and binaries. However they do not use the non-linear dynamics 
given by non-spherical shapes of the bodies, specially during their early formation stages. The challenge 
then is to use the study of the non-linear dynamics around irregular bodies to try to explain the rotation 
and shape history of asteroids and the possible formation of binaries.
1.3 A im s and objectives
The aim of this thesis is to study and understand the non-linear dynamical environment around a ro­
tating non-spherical body or around a binary system when at least one of the bodies is not a sphere. 
Simultaneously we aim to understand the dynamics of the binary system itself. Therefore, this report 
consists of the study of three different mathematical models: the first one used to model the dynamical 
environment of a non-spherical body, the second one used to model the dynamics of two rigid bodies 
under the influence of their own gravity, and finally, the last one, where the attention is now focused on 
the dynamics of a massless particle orbiting the system of two rigid bodies. These three models have 
direct applications such as: a spacecraft orbiting a non-spherical body for the first model, dynamics of 
binary asteroids for the second one, and a spacecraft orbiting a binary asteroid for the third one.
In order to perform this study, a gravitational potential for the non-spherical body has to be derived. 
In this thesis we aim to develop an expression that is easy to implement, that can be computed on-board 
a spacecraft and that can be used near the surface of the body as well as far away from it. In the present 
thesis two different gravitational potentials are investigated.
Finally, with the knowledge obtained from the study of the non-linear dynamics around rotating non- 
spherical bodies and binaries, we aim to propose a process that could explain the rotational history and 
evolution of elongated bodies. This process aims to help to explain the formation of the bodies of our 
Solar System, in particular those with smaller size.
By studying the three mathematical models mentioned, we will be able to pursue the following objec­
tives:
• Development and comparison of different gravitational potentials. The non-spherical shapes of 
the bodies will be modelled using our proposed gravitational potential. We aim to compare the 
behaviour of the dynamics near relative equilibrium points given by our models with common 
gravitational potentials used in the literature.
• Understand the transport of material in the vicinity of non-spherical asteroids by studying the 
ejection and redistribution of mass. Furthermore, this study can lead to understanding the formation 
of binary asteroids by accumulation of ejecta. The idea is to study the behaviour of a small particle 
ejected from the body, in order to determine if it impacts back, escapes, or on the other hand, if it 
accumulates in ’’pockets” near the asteroids, a process which could lead to the possible formation 
of a another body.
• Use the non-linear dynamics around a non-spherical asteroid, such as equilibrium points and in­
variant manifolds to design missions to asteroids with low fuel consumption.
• Study the linearised dynamics around the relative equilibrium points of a binary system and find an 
analytical approximation that encapsulates information of the full system. This analytical approx­
imation can then be used as underlying dynamics when a massless particle is added to the system, 
to model cases where the binaries are not in a perfect equilibrium configuration.
•  Study the differences between the system of a massless particle and binary in equilibrium and 
the RTBP, and how the change of shape and rotation can change the dynamics experienced by 
the massless particle. When the binary is not in equilibrium, understand the effect of the non- 
autonomous dynamics and the difference in time-scales present in the problem.
• Describe a methodology that can be used to explain the possible formation of small bodies and the 
shape and rotation history of asteroids using the non-linear dynamics studied.
1. Introduction
1.4 Structure o f th e  thesis
This thesis has been organised in nine chapters. In chapter 2 a new gravitational potential is derived. This 
gravitational potential, expressed in terms of spherical Bessel functions and spherical harmonics, satisfies 
both Laplace and Poisson’s equations and therefore can be used near the surface of the non-spherical 
body and far away from it. Due to the fact that this potential is an expansion, it is easy to compute 
and it can be implemented on-board a spacecraft. Moreover, the gravitational potential developed can 
be asked to satisfy exactly particular dynamical constraints such as the equilibrium points located on a 
particular point without increasing the computational burden.
In chapter 3 the gravitational potential developed is used to study the dynamical environment of a 
non-spherical asteroid using the equations of motion known as the Restricted Full Two Body Problem 
(RF2BP). The focus of the chapter is on the behaviour of the invariant manifolds of periodic orbits around 
the relative equilibrium points. The invariant manifolds are of great interest as they can come from or 
approach the body in very short time scales, creating fuel-free paths for spacecraft to take off or land on 
the surface. In this chapter we have also investigated the short term behaviour of dust particle ejecta 
and its relationship with the invariant manifolds and the long term behaviour using Markov chains.
Motivated by the theory developed in the previous chapters, in chapter 4 we have described a method­
ology that allows for a vertical controlled soft landing that makes use of the non-linear dynamics and the 
invariant manifolds.
In chapter 5 we have summarised the problem of two rigid bodies orbiting their common centre of mass, 
the Full Two Body Problem (F2BP), as the dynamics will be needed in the following chapter, and some 
gaps present in the literature have been filled. Then, we have derived an analytical approximation of the 
motion near equilibrium. Although the approximation does not fully satisfy the equations of motion, it 
encapsulates information of the full equations such as the amplitude of the orbit.
Given the dynamics of a binary system from chapter 5, in chapter 6  we have introduced a massless 
particle in the vicinity of the binary. This mathematical model has been called in the literature as the 
Restricted Full Three Body Problem (RF3BP). The most important results in the literature have been 
summarised and new results have been added. In particular we have investigated the case where the 
primaries are in equilibrium and when they are near equilibrium. For the first case more equilibrium 
points for the massless particle have been found, and in the non-equilibrium case a comparison of the 
different time-scales present in the problem has been carried out.
After having studied the dynamics around non-spherical bodies using an expansion of the potential 
up to second order in terms of spherical harmonics, in chapter 7 we introduce another approximation 
of the potential given by cotangent spheres. This potential is much easier to compute as it is given by 
point masses and allows us to describe non-symmetrical shapes and give rise to more bifurcations of 
equilibrium points. By means of the skeletonization technique of pictures of asteroids we show in this 
chapter how four different asteroids can be modelled in this way and we compare the dynamics given by 
this gravitational potential with the dynamics given by other gravitational potentials.
In chapter 8  the focusing effect of the non-linear dynamics of the different mathematical models ex­
plained in this thesis is studied. W ith this chapter we propose a methodology that combined with other 
studies of the formation of the Solar System can suggest processes influencing the shape and rotational 
history of asteroids.
Finally, the last chapter lists the conclusions and possible research directions to extend this work in 
the future.
2. M odelling the gravitational 
potential of a non-spherical asteroid
2.1 Introduction
Large bodies of the Solar System such as planets and most of their moons have approximately spheroidal 
shapes as gravity, due to the large mass, has reshaped them into spheres and the rotation has flattened 
them. However, for asteroids and comets, their gravity is not strong enough to overcome material strength. 
Therefore they are characterised by very irregular shapes and, consequently, irregular gravitational fields. 
Hence, the mathematical models that reduce the bodies to point masses are unsuitable for planning 
missions targeting them.
In the literature, it is possible to find different methods to model the gravitational potential of a non- 
spherical body: a dumb-bell approximation [38], a homogeneous ellipsoid [20, 21, 71], and an expansion 
of the gravitational potential using spherical harmonics up to second order [40, 41, 42], or to higher orders 
[81]. These gravitational models have been complemented more recently by more precise models: the 
mascon model [36] using small point masses that fill up the body and the homogeneous polyhedron model 
[90] which approximates the body with a polyhedron with many faces and constant density.
The first three models mentioned have the advantage that they are very general and can be applied 
to the majority of asteroids and comets. However, they have some important drawbacks. The dumb­
bell model is very simplified and might not adequately represent the real dynamical environment of 
an elongated body. The homogeneous ellipsoid is computationally demanding and has to be solved 
numerically as it requires the constant computation of elliptic functions. Finally, the expansion of the 
potential with spherical harmonics can suffer severe divergence near the surface of the asteroid as it does 
not satisfy Poisson’s equation. On the other hand, the mascon and the polyhedron models have the 
advantage that they can reproduce the shape of a particular body to a great degree of accuracy, allowing 
for strange shapes and asymmetries to be taken into account. However, they require a lot of information 
about the shape of the body being studied, and they are body-dependent, which means that the results 
of one model cannot be generalised to another body. When some information of the body being studied 
is known, it would be interesting to have a simplified model that could encapsulate the same information 
given by the complex model in a computationally efficient way.
In this chapter a different derivation of the gravitational potential of a non-spherical body is developed. 
The gravitational potential is derived as an expansion in terms of spherical Bessel functions and spherical 
harmonics that matches smoothly with the usual spherical harmonics expansion at a given spherical 
boundary, hence satisfying both Poisson’s and Laplace’s equation. When the order of the expansion is 
up to two, this potential can be used to model asteroids for which only the mass and moments of inertia 
are known, and at the same time, it allows for a general study of the dynamics in terms of the potential 
coefficients given by the mass and inertia moments of the asteroid, that will be done in the following 
chapter. As this potential satisfies Poisson’s and Laplace’s equation it can be used near the surface of 
the body as well as far away from it. The aim of this work is to show how a very simplified model of the 
potential provides an accurate representation of the dynamics given by more sophisticated models.
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2.2 T he gravitational potential
Assume there is an attracting rigid body with a continuous mass distribution and an attracted point 
P  with coordinates {x,y,z).  Let I be the distance between an element of mass of the body dm  =  pdV 
with coordinates (Ç, r?, Q and the point P , I = ^/{x -  + [y -  pY  +  (z — ()^. Then, the gravitational
potential of the body at P  has the following expression [39, Section 1.1,1.2],[57, Section 20],
H ^ , y , z )  =  a  J J j  (2.1)
y '
where p{x,y ,z)  is the density of the body and V  the volume.
P=(x,y,z)
Figure 2.1: Rigid body inside circumscribing sphere and point P  where the gravitational potential is 
computed.
The potential ^ { x ,y , z )  and the three components of the force ( f f  5 > f f )  exist at all points and
are continuous throughout space. Moreover, a gravitational potential function 0  must satisfy one of the 
following differential equations [24, Section 5.6]: for regions away from the attracting matter, Laplace’s 
equation
=  0 , (2 .2 )
and for regions within the attracting matter, Poisson’s equation
=  -47rpG'. (2.3)
A possible way to solve for the potential of a particular mass distribution is to solve independently 
both equations and impose that the solutions and their derivatives match at a given boundary.
2.2.1 T he external potential o f a rigid body: solution of Laplace’s equation
It is well known that outside a spherical boundary that contains the mass of the body, the solution of 
Laplace’s equation, which from now on is going to be called the external potential, can be expressed using 
spherical harmonics [57, Sections 202, 203], [47, Chapter 5]:
C /  P \
4>e(r, 0, (^ ) =  — ^  f — ] ^  {anmPn{c-os{d)) cos{mp) +  hnmPn {(^os{d) sm{mp) ) , (2.4)
n=0 \  ^ /  m= 0
where {r^9,p) are the spherical coordinates, R  the radius of the spherical boundary, P™(cos0) the 
associated Legendre Polynomials and anm and bnm the coefficients of the expansion. Due to the fact that 
the functions Cnm =  P ^  {cos 9) cos{mip) and Snm =  P ^  {cos 9) sm{m(p) are orthogonal, it is possible to
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compute the coefficients anm and bnm of the expansion of #e, in terms of the density distribution
Omo =  J J J  ( ^ )  Pn{cos9)p{r,e,(p)dV, (2.5)
y
=  J J J  ( ; ^ )  C n m i O , < p ) p i r , 9 , t p ) d V ,  i oT n i ÿ ^ O  ( 2 . 6 )
y
{n + m)\ JJJ ^nm{0,T)p{r,9,g>)dV, ÎOT TUy^O. (2.7)
y
M acCullagh’s Formula in Cartesian coordinates
The following expressions are the coefficients of the expansion of the external potential up to second 
order, in cartesian coordinates, where M  is the mass of the body and p(rc, y, z) its density [57, Section 
198]:
^ 0 0  — p(^) Z/) ^)dV =  Af, & 00 — 0 ,
y
« 1 0  =  ^  JJJ zp{x,y,z)dV, bio = 0 ,
y
« 1 1  =  i J J J x p ( x ,y , z )d V ,  bn = ^  JJJ yp(x, y, z)dV,
V   ^ V
« 2 0  =  w  ^  + z^)p(x,y,z)dV,  6 2 0  =  0,
y
« 2 1  =  ^  JJJxzp{x ,y ,z)dV ,  6 2 1  =  ^  JJJyzp{x ,y ,z)dV ,
« 2 2  =  ^  J J J (x ^ -y^ )p (x ,y ,z )d V ,  6 2 2  =  ^  JJJ xyp{x,y,z)dV.
V  V
Let C =  ]^ JJJ xp{x, y, z)dV, V ^  JJJ yp{x, y, z)dV, and C =  jg JJJ zp{x, y, z)dV,  the rectangular 
y  y y
coordinates of the centre of gravity. If the origin of the coordinate system coincides with the centre of
gravity then C =  77 =  C =  0> which means that aio =  « 1 1  =  &11 =  0 . If the frame coordinates are aligned
with the principal inertia axes of the body, then the mass moments of inertia are
Ixx = J J J i y ^  + z ‘^ )p{x,y,z)dV, (2.8)
y
l y y  = J J J  +  z^)p{x, y, z)dV, (2.9)
y
h z  = J J J i x ^ + y ^ ) p { x ,y , z ) d v ,  (2.10)
y
and the products of inertia are zero. Then 0 2 0  =  ^ ( I x x  T  lyy — 27%%), « 2 1  =  0, 0 2 2  =  - ^ { l y y  — Ixx), 
6 2 1  =  0 and 6 2 2  =  0. Using these coefficients, the potential up to second order can be written as
^  , X G M^e{x ,y ,z )  =
s j x ^  -V y"^ -\r z ^
(2 .11)
where I3 represents the diagonal matrix with elements {Ixx, lyy, Izz) and the bar represents the variable 
divided by the total mass M  [75]. This formula is known as MacCullagh’s formula, [24, Section 5.4], and 
it gives the external potential to second order of a body of mass M  and moments of inertia Ixx, lyy and 
IzZ'
2.2.2 The internal potential of a rigid body: solution o f Poisson’s equation
Following the theory developed in [1, 67], the solution of Poisson’s equation can be obtained by expanding 
the potential and density of the body in terms of a series of orthogonal basis functions. As for the external
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potential case spherical harmonics are used,
(cos 9) exp{im(p) = £„(/)Pj/^l (cos 9) exp{iirnp), (2.12)
where f  (2.13)
It is convenient then to expand / ( r )  in a set of radial functions f i n { r )  which satisfy the eigenvalue problem
Cnifln) = - k f j l n -  (2.14)
The solutions of (2.14) are fin = fnikinr),  the spherical Bessel functions [1]. The eigenvalues kin are 
determined by the boundary conditions which are given by the fact that the internal and external potential 
and the forces derived from them have to match a t a spherical surface of radius R. This surface must
contain the whole body that generates the potential, but should not be very large as then many Bessel
functions will be needed to model the body. Thus, the circumscribing sphere of radius P  is a suitable 
candidate.
The internal potential can then be expanded as
$ i ( r ,  j n  ( - ^ )  P n i c o s  9) { A i n m  cos(m^) +  P/nm s m { m i p ) ) , (2.15)
Z=0 n=0 m=0
where the coefficients Ainm and Binm depend on the body, and ain =  Rkin are dimensionless eigenvalues 
which are determined by imposing that the internal and external potential are identical when r = R  and 
^  =  limr^_R+ ^ r -
In order to determine the dimensionless eigenvalues, it is easier if the external potential is also written 
in terms of spherical Bessel functions. It then has the following expression
n  /  Ft \
$e(r, V’) =  ^  ^  X ]  jn  {ocin) f — j ^ ^ (^ 0 8 9) {Ainm cos{m(p) +  Binm sm{nnp) ) . (2.16)
Z= 0  n= 0  m= 0  ^ ^  ^
Therefore, by using the properties of the spherical Bessel functions, it is possible to see that the dimen­
sionless eigenvalues are the solutions of j n - i  {ain) =  0 .
Using the expansion of the internal potential from equation (2.15) in Poisson’s equation, it is possible 
to find an analytic expression for the density distribution of the body in terms of the spherical harmonics 
and spherical Bessel functions
p{r, = Pnicos 9) {Ainm cos{m(p) +  Binm sîn{m<p) ) . (2.17)
l —O n = 0  m=0
The coefficients Ainm and Binm of the expansion can be computed due to the orthogonality properties 
of the basis functions,
Amo = [ f f  h ( ^ ) P ^ i c o s e ) p ( r A < p W ,  (2.18)
Ofnijn{ain)) J ^  J v   ^ P  /
=  a S n ( Z f  ( " + 3  / / / / "  ( T )  cos(m<,)p(r. e, ^ ) iV ,  (2.19)
+ 3  W "  ( T )  (2.20)
Due to the fact that both expressions for the external potential, equations (2.4) and (2.16), are the same, 
the relationships between their coefficients are the following
oo
« nm  — ^  ^jj n { ( ^ l n ) A i n m ,  (2 .2 1 )
Z= 0
&nm — ^  j^jn{c^ln)Binm' (2 .2 2 )
Z= 0
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In order to determine the coefficients accurately one should compute the integrals of equations (2.18), 
(2.19) and (2.20), which requires knowledge of the density p and shape of the body. When the density and 
the exact shape of the body are not known, only some constraints will be imposed on the coefficients: a) 
that they make the internal expansion match the external at the circumscribing sphere (constraints given 
by equations (2 .2 1 ) and (2 .2 2 )) and b) that the density of the body at the spherical boundary vanishes
lin^ p(r, 0, y?) =  0 'iO'iip. (2.23)
By imposing that the density vanishes the gravitational potential defined as the external potential when 
r > R  and the internal when r < R  will satisfy that the second derivative is continuous.
With these constraints there are infinite parameters to determine but only a limited set of equations 
and therefore there is some freedom in the choice of the coefficients. In the following sections some ways 
of choosing the coefficients will be investigated and other constraints will be imposed on the internal 
potential such that the solution of the force satisfies some dynamical requirements.
2.3 Solution proposed to  second order
The aim of this section is to develop a general model of the gravitational potential of a non-spherical 
body that only requires knowledge of the mass and moments of inertia of the body. For the majority of 
asteroids discovered there is not enough information about their shape to develop a good approximation 
of their gravitational potential. For those asteroids of which only the triaxial axes and a mean density 
are known, an approximation of the mass and moments of inertia can be computed assuming a triaxial 
shape and constant density. W ith this information an expansion up to second order in terms of spherical 
Bessel functions and spherical harmonics can be derived, allowing for a very simple expression of the 
gravitational potential which is easy to compute and is approximately dynamically equivalent to the 
gravitational potential of a constant density ellipsoid, but that does not require the constant evaluation 
of elliptic integrals.
Assume that the information that is known about a particular body is an approximate mass M  and 
the principal moments of inertia Ixx, lyy and /%%. Then, for the external potential MacCullagh’s formula 
can be used. On the other hand, for the case of the internal potential, the coefficients Ainm and Binm 
have to be computed using only the information known.
From the computation of the coefficients of MacCullagh’s formula, it is known that ^  =  1, ^  =  
2MR^ (L;a: d-lyy ' 27%%) =  2^ { I x x  P lyy  ~  27%%) and =  4 jvffl2 {lyy ~  Ixx) ' 4 ^(-^î/y Ixx) .  Therefore 
an expansion up to second order of the internal potential will have coefficients satisfying
2R?
AR?
plus the equation that guarantees that the density of the body at the spherical boundary must vanish. 
As the density at the spherical boundary has to be zero for all 6, and y?, equation (2.23) can be written 
as three different equations
24(00^ 0 (gp;),
z=o
(2.24)
y^,Ai2oj2{(X2l),
1=0
(2.25)
y^^Al22j2{oi2l)-
1=0
(2.26)
oifojo{o‘io)Aioo
1=0
=  0 , (2.27)
Og2h{o^l2)Al20
1=1
=  0 , (2.28)
0^ ‘l2h{<^l2)Al22
1=1
=  0 . (2.29)
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In order to solve the problem, the coefficients Ainm and Binm are chosen in such a way that they satisfy 
the equations (2.24), (2.25), (2.26) and (2.23). Other choices of the coefficients that make the potential 
satisfy the required equations will be valid as well and will give rise to different density distributions of 
the body.
For each of the density equations a coefficient is chosen such that these equations are always satisfied:
Aooo =
« 0 0  Jo ( « 0 0  )
X _  Ez=2«?2J2(«22)24z20 /n oi\
A , 2 2  =  (2.32)
Substituting these expressions in (2.24), (2.25) and (2.26) the following equations are obtained the coef­
ficients with I > 1
2w  /  2 \
1 =  y^,Aioojo{aio) f 1 ----- ^  J , (2.33)
1=1 \  % o /
1  /  a
+  l y y  -  M z z )  =  ^ 2  ^(20j2(«Z2) ^ (2.34)
^ ^ (4 z z  ~  ^xx) — ^  Az2 2 j 2 («Z2 ) . (2.35)
Therefore the coefficients can be chosen to be
J o ( a ,o ) K o - a ? o ) E £ i / ( " )
{ I x x  T  l y y  M z z ) o ^ 2  5^(0 
J 2 (« Z 2 )  ( « 1 2  -  « & )  9{n)A z20 =  w  2-------2 , Z > 2  ( 2 .3 7 )
4^(-^yy Ixx)o^i2 ^ ( 0
where X ^ ^ i g{n) is a convergent series. As an expansion up to second order in terms of the inertia 
moments is used, the coefficients Binm will satisfy X)^o Pinmjn{oini) = Km = 0  and therefore are always 
zero for all Z, n  =  0 , 1 , 2  and m =  0 , 1 , 2 .
When implementing this potential on a computer, the expansion will be truncated at some order, and 
hence the series ^  g{n) should converge fast enough to maintain the accuracy of the matching between 
the internal and external potential. In the present work the effect of choosing different convergent series 
has been investigated and it is possible to conclude that the effect on the dynamics is very small when a 
series that has converged with error 10“ ^^  at the truncation term N  has been chosen, as seen in figure 2 .2 . 
Observing this figure, one can see that all the coefficients except 1/n^ and (—l) ” /n'^ produce trajectories 
almost indistinguishable to the naked eye. Reducing the truncating term N  implemented, coefficients 
that converge faster will be needed.
The choice of the internal coefficients has a direct effect on the density distribution of the body. In 
figure 2.3 some examples of the densities computed for asteroids modelled with triaxial shapes are given. 
Observing the figure it is possible to make three main observations. First, that this choice of the potential 
does not guarantee that the density distribution is always positive. Second, that the external boundary 
of the body cannot be determined as the density is only required to be zero a t the circumscribing sphere 
and not at the surface of the body (which it is not known). Finally, it is possible to observe that the 
more elongated the body is, the more pronounced are the two peaks appearing, and that they merge in 
one when the body is close to spherical.
The fact that the densities are allowed to be negative for this choice of the potential is not of great 
concern in this research. This is because with this potential the only aim is to be able to mimic in a
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Figure 2.2: Six different trajectories with the same Jacobi constant integrated with different coefficients 
for the internal potential, always using 2000 coefficients. The ellipse dimensions are a = 1.299688 and b = 
0.519875. The initial conditions for the trajectories have expression (acosr/), 6co s0 ,0 ,f cos0, u s in 0 ,0) 
where v is set to match the appropriate Jacobi constant and =  0, tt/G, tt/3, tt/2, 27t/3, 5 7 t / 6 .
very simple way the dynamics given by other models, which might be more complex and computationally 
demanding. For many asteroids of which only the triaxial dimensions are known, it is common to study 
their dynamical environment using the gravitational potential of a constant density ellipsoid. W ith the 
potential developed in this section, the aim is to reproduce the dynamics of that model without having 
to compute elliptic integrals.
Assume there is an ellipsoidal body with constant density and semi-major axes a =  1, 6  =  0.5 and 
c = b. From [57, Sections 35,36] the gravitational potential of the ellipsoid can be expressed as
^e l l ipso id ip^  1 Vi I L\ { x ,y , z )
1 - y dw
a ^ + u  c2 4- u j  ^ ( a 2  -f w)(62 _|_ _|_
(2.39)
where A(x, y, z) is the solution of — 0 when (x, y, z) does not belong to the ellipsoid or
zero otherwise. The principal moments of the ellipsoid are computed as follows: Ixx = lyy =
and Izz =  ^^5^  • Then, it is possible to compute the potential given by MacCullagh’s formula and choose 
the internal potential coefficients such that the density goes to zero at the circumscribing sphere, and 
that the potential function is continuous in the same way explained in this section. In figure 2.4 there is 
a comparison of both potentials.
In this example, as the aim is to mimic the dynamics given by the constant density ellipsoid, the 
dynamical environment will be taken into account. A detailed study of the dynamical environment of
16 2.Modelling the gravitational potential of a non-spherieal asteroid
p
0.5
0 J5  
0 .20-  
,  0.15: 
0 . 10- ' 
0.05
U.5 I li
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w ith semi-major axes a  =  2.25, b =  0.9 and c =  0.9 m odelled w ith semi-major axes a =  766, 6747.5 
km. and c -- 671 m.
Figure 2.3: Density profiles at the equator of the mentioned asteroids computed using the coefficients of 
the internal expansion of the potential chosen using normalised variables as explained in chapter 3.
a non-spherical asteroid will be given in the following chapter. Assuming that this ellipsoid is rotating 
around the z axis with a constant angular rate co, Scheeres described in [71] that there will be four 
equilibrium points in the z, y plane aligned with the principal axes of the ellipsoid. Two of them will 
have a saddle-centre behaviour and will be aligned with the longest axis of the ellipsoid (called long axis 
equilibrium points), and the other two, which will be aligned with the short axis (short axis equilibrium 
points), will undergo a Hamiltonian-Hopf bifurcation. The aim is to reproduce the location of these 
equilibrium points using the developed gravitational potential. The long axis equilibrium points always fall 
outside the circumscribing sphere and therefore will be computed with the external potential. However, 
the short axis equilibrium points, depending on the rotation rate of the asteroid, can fall in the external 
potential region when the rotation is slow, or internal when it is faster.
In figure 2.5 the zero velocity curves for different levels of the Jacobi constant are plotted for three differ­
ent models of the potential: the constant density ellipsoid, MacCullagh’s formula and the interior/exterior 
potential developed. Observing the figure, it is possible to see that, as the short axis equilibrium points 
fall on the internal potential region, the zero velocity curves given by the internal potential look more 
similar to the ellipsoid’s zero velocity curves than just using MacCullagh’s formula inside the circum-
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Figure 2.4: Comparison of the equatorial potentials given by a) a constant density ellipsoid using elliptic 
integrals and b) the potential developed up to second order.
scribing sphere. Comparing the location of the short axis equilibrium points, it is possible to see that the 
internal potential expansion approximates them better.
Potential model Position X Position y
Ellipsoid’s potential 0 . 0 0.8159999984
MacCullagh’s Eormula 0 . 0 0.7443737021
Internal potential 0 . 0 0.7802269209
Table 2.1: Location of the short axis equilibrium points given by the three gravitational potentials used.
2.4 Expansion to  higher orders
In the same way that the coefficients of the internal potential have been chosen to match smoothly an 
expansion in spherical harmonics up to order two, the MacCullagh’s formula, they can be chosen to match 
a higher order expansion in the same fashion. As an example, the gravitational potential of asteroid 433 
Eros has been expanded up to fourth order using the coefficients of the spherical harmonics expansion 
from [62]. The matching of the internal and external potential is done in the same way but adding the 
equations for the coefficients with degree and order up to three and four.
Observing figure 2.6, one can see that the gravitational potential developed for Eros defines better 
the zero velocity curves compared to the spherical harmonics inside the circumscribing sphere. However, 
comparing these plots with the plots generated by the polyhedron potential model of Eros, [93], with 
data from the NEAR collected shape and gravity models (sbn.psi.edu/pds/ resource /  near browse. html) it 
is possible to see that there has been a bifurcation of one of the short axis equilibrium points and two more 
equilibrium points have appeared. This fact is a consequence of the particular choice for the coefficients 
of the internal potential expansion.
When a lot of information about a particular body is known, such as in the case of asteroid Eros, which 
has been visited by the NEAR mission [22], it might be interesting to impose other constraints on the 
internal potential such that it satisfies other requirements, such as the location of the equilibrium points
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(a) Zero velocity curves on the x , y  (b) Zero velocity curves on the x, y  (c) Zero velocity curves on the x, y  
plane for the ellipsoid rotating w ith plane for the ellipsoid rotating w ith plane for the ellipsoid rotating with  
angular rate w =  1.2 com puted w ith angular rate u> =  1.2 com puted w ith angular rate ui =  1.2 com puted with  
the elliptical functions the M acCullagh’s formula the internal potential developed
Figure 2.5: Comparison of the zero velocity curves of the different potentials considered: a) constant 
density ellipsoid, b)MacCullagh’s formula and c)the potential developed up to second order in terms of 
spherical harmonics and spherical Bessel functions. The contours in all the plots have the same fixed 
values.
(a) Zero velocity curves for asteroid (b) Zero velocity curves for asteroid (c) Zero velocity curves for asteroid
Eros com puted w ith  the polyhedron Eros com puted w ith  only the spheri- Eros com puted w ith the gravitational
potential cal harmonics gravitational potential potential developed up to  4th or-
up to 4th order der that m atches sm oothly w ith the
spherical harmonics expansion
Figure 2.6: Comparison of the gravitational potential for asteroid 433 Eros using the spherical harmonics 
expansion up to order 4 and the gravitational potential developed as well to order 4. The zero velocity 
curves are computed at 0  =  0 .
fixed or even their stability, without having to increase the order of the expansion and the computational 
burden that it represents.
2.5 Com parison w ith  point mass m odels
One of the advantages of using point masses (mascon model) for the computation of the potential is the 
fact that different densities can be given to the spherical bodies to have a more accurate representation of 
the gravitational potential. The aim of this section is to show how the gravitational potential developed 
up to fourth order reproduces the dynamics of a point mass model where the different spheres have 
different densities. The asteroid modelled is 4769 Castalia. Asteroid Castalia is characterised by having a 
contact binary shape, formed by two distinct irregular, kilometer-sized lobes [81] with an average density 
of approximately o =2100 kg/m^ and a rotation period of 4.07 hours.
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In this thesis, as a very simplified example, asteroid Castalia is modelled using only two cotangent 
spheres. Mi and M 2 , with radius R i  =  460 and R 2 = 400 metres respectively. The mass of the largest 
sphere is
Ml =  ^7ri?i(7
and of the smallest
M2  =  -TTjRjfT • 6
where S is the ratio of the densities of the two spheres.
As the body is formed by two spheres, it is very easy to compute the coefficients of the external 
spherical harmonics expansion. W ith them, in the same way it was done in section 2.4, the coefficients 
of the internal potential expansion can be computed.
Coefiicient 5=0.8 5=1.0 5=1.2 5=1.5
« 0 0 1 1 1 1
« 2 0 -0.08996826 -0.10482621 -0.11753261 -0.11749271
«2 2 0.04498413 0.05241310 0.05876631 0.05874636
«31 0.01247059 0.01013623 0.00676739 0.00039362
« 3 3 -0.00207843 -0.00168937 -0.00112789 -0.00006559
«4 0 0.01732712 0.01942319 0.02188985 0.02071076
«4 2 -0.00192524 -0.00215813 -0.00243221 -0.00230119
«4 4 0.00024065 0.00026977 0.00030403 0.00028765
Table 2.2: Coefficients of the external spherical harmonics expansion of the potential using different 
densities for the smallest sphere given by the parameter J.
In figure 2.7, the zero velocity curves computed with the potential of two point masses and using the 
external/ internal expansion developed have been plotted using the coefficients from table 2 . 2  and the 
derived internal coefficients. Observing the plot, it is possible to see that the gravitational potential 
developed can approximate the location of the equilibrium points given by the point masses model, for 
all the different densities considered. Moreover, by using the gravitational potential developed in this 
thesis, the singularities given by the point masses are avoided. Therefore, this expansion of the potential 
can be easily used to model bodies which are known to have irregular densities.
2.6 Other possib le constraints on th e  coefficients
In this section an example of how to choose the coefficients in such a way that the equilibrium points 
inside the circumscribing sphere are located on a desired fixed position is given for a simple case of an 
ellipsoid. For other shapes it can be done as well but more algebra has to be implemented in order to 
find the appropriate coefficients.
Using the same ellipsoid as in section 2.3 the short axis equilibrium points are located at (rco, 2/0 , ^0) = 
(0, ±0.8159999984,0). As it is desired that these equilibrium points are solution of the rotating equations 
of motion for the derived potential up to second order, then the following equations have to be satisfied,
-CV^ Xo
-w^2/o
%
dy (xo,yo,zo)
0 =
(2.40)
(2.41)
(2.42)
For the equilibrium point chosen, as æo =  zo =  0 it is possible to see that the first and third equation are 
automatically satisfied, and due to the symmetry of the ellipsoid, if the second equation is satisfied for
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Figure 2.7: Zero velocity curves for asteroid Castalia, when it is modelled using the external/ internal 
expansion of the gravitational potential up to fourth order (top row) and when it is modelled using two 
spheres with mass Mi  and M 2 (bottom row).
yo it will be automatically satisfied for —yo- Studying in more detail equation (2.41) it can be written in 
the following form
N
-Euj y^o =  A ooo/(0 ,0 ,0 , x q ,  yo, %o) +  ^  MoofiU 0 ,0 , %, yo, %) +  T
1=1
where
f { l ,n ,m ,x ,y , z )  = G ^ ^ P /(^ (c o s ( 0 )) cos(m^)+
x"^  +  y^+jn fT (cos(0 ))msin(my)
- jn  ( ^ )  Pn'{cos{e))sm{B) cos(m y)
\  K / r ‘^ y  x^
(2.43)
(2.44)
N
T = Ai„rnf(l,n,m,xo,vo,^o), (2.45)
1=1 n > l  m = 0
r =  +  y  ^+  z^ ,if = arctan(y/æ), 0  =  arctan ^ and the symbol ' defines the differential of
the corresponding function with respect to its variable. Note that the coefficients Binm do not appear as 
the ellipsoidal body has all of them equal to zero. For other more irregular shapes they will have to be 
taken into account.
Considering equation (2.43) plus the other equations that have to be satisfied for an expansion up to
2.7. Conclusions 21
second order
« 0 0  =  y^.Aioojojoioi) = 1 ,
l>0
(2.46)
0  =  ^  Aioojo {aoi ) ,
l>0
(2.47)
« 2 0  =  y i^ Z 2 0 j 2 (a:2 !)
l>0
(2.48)
0  =  '^Ai2oj2{oc2i)ah, 
l>0
(2.49)
« 2 2  =  ^ 12232(0 2^1)
1>Q
(2.50)
0  =  y^^Ai22j2{oi-2l)c4.l,
1>Q
(2.51)
the coefficients can be chosen in the following fashion: for A120 and A122 the same coefficients as in section
2.3 will be used. Then it is possible to compute the term T  of equation (2.43) which will be a constant 
once the coefficients A120 and .4 ( 2 2  are known, and the only remaining coefficients to be chosen will be 
Aioo for all I. In the same way as it was done in section 2.3, the first and second coefficients will be chosen 
such that equation (2.43) and (2.47) are always satisfied. Then,
—{B w ‘^ yo +  T ) — A lo o f {1, 0 , 0 , x o ,y o ,z o )  ,
 ^ ’
and
.  K-Y ,i^2-^ iooH {l,xo ,yo ,zo)
= --------- JÏ(l..o .yo.zo)----------
where K  =  {RuS^yo +  T)jo{aoo)aoo and H{1, xo, yo, %) =  jo{ocoi)aoif{0,0,0, rro, yo, % )-  
—Jo (0 :0 0 )0 :0 0 /(Z, 0,0, Xo, yo, zo). Finally, after some algebra, the rest of the coefficients for Z > 2 will satisfy
'^A iooV{l,xo ,yo ,zo) = W  (2.54)
l> 2
where
V{l,xo,yo,zo) = -H {l ,xo ,yo ,zo ) -Q  + S{l,xo,yo,zo).
Q =  - / ( l , 0 , 0 ,a:o,2/o,zo)jo(aoo +  / ( 0 , 0 , 0 ,a:o,2/o,zo)jo(aoi.)
S{1,Xo,yo, zq) =  H{1,Xo, yo, zq)/(0 , 0 , 0 , zo, yo, zo)jo{aoi) ~  H (1 , xo,yo, zo)f{l,0 ,0 , xo,yo, zo)jo(o:oo).
W  =  aooF(l,a:o,2/o,zo)/(0 , 0 , 0 ,a:o,yo,zo) +  {Rux^yo + T)jo{aoo)H{l,xo,yo,zo) -  KQ-
Then, by writing
"  V ( l , 0 , 0 , x o , i i z o ) T , , > 2 9 ( l )  ^
all the equations required will be satisfied.
In figure 2.8 the zero velocity curves for a potential computed with these coefficients up to second order 
are plotted. These coefficients guarantee that the short axis equilibrium point is found a t the desired 
location (xo,yo,zo) =  (0, ±0.8159999984,0).
2.7 Conclusions
In this chapter a model of the gravitational potential of an elongated body up to second order th a t can 
be used both near the surface and far away from it has been presented. There is no divergence of the
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Figure 2.8: Zero velocity curves for the ellipsoid of semimajor axes 1, 0.5, 05 with the potential computed 
in terms of spherical harmonics and spherical Bessel functions up to order two that guarantees that the 
short axis equilibrium points are at the desired location.
expansion as Laplace’s equation and Poisson’s equation are both satisfied. This model can be used to 
determine the approximate potential near the surface of bodies for which only the mass and moments of 
inertia are known, and if more information about the body is provided, the model can be extended to 
higher degree. Moreover, by the appropriate choice of the coefficients of the expansion other dynamical 
requirements can be satisfied as well, such as the equilibrium points inside the circumscribing sphere 
be located in a particular place. In future work, the aim is to be able to choose the coefficients in a 
way that the stability of the equilibrium points is fixed. Then, with this model of the potential the 
approximate dynamics around equilibrium points close to the surface of the body can be modelled and 
studied without the computational burden that more accurate models like the polyhedron potential or 
mascon model provide.
3. Dynam ical environm ent of a 
non-spherical body
3.1 Introduction
In this chapter, the dynamics of a massless particle under the influence of the gravitational attraction 
of a uniformly rotating non-spherical body are studied. This theoretical work can be applied to the 
study of the orbital dynamics of dust, or even spacecraft, around the smallest bodies of the Solar System: 
asteroids and comets. These bodies are characterised by very irregular shapes and mass distributions and 
therefore, the mathematical models that reduce the body to a point mass are not suitable to study their 
dynamical environment.
As said in the previous chapter, in the literature, it is possible to find studies of the dynamics near 
non-spherical bodies, where the bodies have been modelled in different ways: a dumb-bell approximation 
[38], a homogeneous ellipsoid [20, 21, 71], an expansion of the gravitational potential using spherical 
harmonics up to second order [40, 41, 42], or to higher orders [81], small point masses that fill up the 
body called the mascon model, [36] or using a homogeneous polyhedron model [90] that represents the 
shape of the asteroid.
As an example of work done using a dumb-bell reference [38] should be mentioned. In this work, 
Gozdziewski used a rotating dumb-bell to model the non-spherical body and carried out a study of the 
non-linear stability of the equilibrium points, with a particular focus on the resonant cases. Using a 
homogenous triaxial ellipsoid several studies have been published. Some examples would be the papers 
written by Dobrovolskis and Burns in 1979 and 1980 where they dealt with the orbits of ejecta about 
Mars’ satellites Phobos and Deimos, well known for their non-spherical shape, see [27, 28]. In these 
papers they study the dynamics of nearby debris affected by planetary tides, rotation of the body and 
non-spherical shape, finding regions on the surface of the bodies where material can escape. Some other 
papers would include the work done by Chauvineau et al. in [20, 21] in 1993 and 1994, where the dynamics 
of a massless particle about triaxial ellipsoids have been studied, using the closed form of the potential 
of the ellipsoid. In these papers, they compare the dynamics about triaxial bodies with the Kepler’s 
problem by means of Poincare sections, concluding about differences in behaviour and stability of orbits, 
and the presence of chaos for the triaxial case. Another example of work done on dynamics about triaxial 
ellipsoids is the work done by Scheeres in [71], where using three non-dimensional parameters, two for 
the eccentricities of the ellipsoid and one for the density, classifies asteroids in two types depending on 
whether or not all synchronous motion or equilibrium configurations are stable. As examples of studies 
done using spherical harmonics to model the gravitational potential there is the work done by Scheeres 
and Hu. In [70] and [40] the body is modelled with spherical harmonics and it is considered to have no 
rotation or very slow. Then, the Lagrange planetary equations are averaged and solved by quadratures. 
Considering the rotation of the body, in [41] the stability of periodic orbits about equilibrium points is 
studied and in [78], using as well a second order expansion, Scheeres analyses the effect of the oblateness 
and ellipticity of Eros on orbits around the asteroid. Studies published using the mascon and polyhedral 
model refer to particular asteroids of which good models for their shape are known, such as the asteroid 
Ida [36] or asteroid Eros [52] both visited by spacecraft, or Castalia [81, 90] and Toutatis [82] for which 
detailed radar models have been computed.
Analysing the literature, it can be observed that if accurate observation models of the asteroids are
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computed the mascon and polyhedral model can be used to reproduce numerically the dynamical en­
vironment of the asteroid. However, when the information about the target body is not abundant, the 
approximated models using spherical harmonics or using ellipsoids have important drawbacks. In this 
chapter, in order to study the dynamics, the model used for the gravitational potential of a non-spherical 
body is the model developed in chapter 2 : an expansion up to second order of the potential in terms of 
spherical Bessel functions and spherical harmonics. W ith this gravitational potential, the dynamics of 
massless particles around an elongated asteroid are modelled using the Restricted Full Two Body Problem 
(RF2BP). This mathematical model has many similarities with the well known Restricted Three Body 
Problem (RTBP). Relative equilibrium points exist in their vicinity [71, 20, 21], together with stable 
and unstable periodic orbits around them. W ith the gravitational potential developed in chapter 2 the 
dynamics around non-spherical bodies are studied with special emphasis on the behaviour of equilibrium 
points and periodic orbits, and the role of their invariant manifolds in the classification of trajectories to 
and from the body.
3.2 D ynam ics: th e  restricted  full two body  problem
3.2.1 D efinition of th e problem
The Restricted Rill Two-Body Problem (RF2BP) [20, 21, 41, 78, 82] describes the movement of a massless 
particle under the influence of a non-spherical body which is rotating uniformly around a principal axis. 
Using the expansion of the potential developed in the previous section, it is possible to describe the
dynamical environment of the body everywhere, up to second order, without singularities or divergence
of the potential.
Given a non-spherical body of mass M  uniformly rotating about the axis with maximum moment of 
inertia, a rotating frame of reference is used, centred at the body’s centre of mass and always aligned with 
the principal axes of the body. The ic-axis is aligned with the principal axis with minimum moment of 
inertia, the z-axis with the maximum moment of inertia and the y-axis completing the orthogonal frame. 
Then Ixx <  lyy <  Izz, and the angular velocity w =  (0,0, w).
The equations of motion of a massless particle under the influence of the rotating body are
x - 2 y v j - x u j ^  =  #  1
ÿ -\-2xoj -yu)'^ =  #  > (3.1)
where
4 ::  «
is the potential developed in chapter 2 in Cartesian coordinates.
In order to have dimensionless coordinates a fundamental unit of length and a fundamental unit of 
time are defined. If Izz = MB?, Ixx — oixMB? and lyy =  ayM R^  with 1 > 7%% > lyy >  Ixx, the 
fundamental unit of length i s r  = r / R  and the fundamental unit of time t = nt  where n — y /G M /R ^  the 
mean motion at distance R. Without the tildes, the non-dimensional equations of motion are the same 
as equation (3.1) with the following expressions for the potential
^e{x ,y ,z )  — -  ^ a x o c y  — { o i x X^ a y y “^
where r  =  y/x"^ +  and the bar on the expansion coefficients means that they are divided by the
mass M . This potential has been computed by normalising the variables and dividing it by Mn^R?.
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These equations have an integral of motion, the Jacobi constant, with expression
C =  +  v‘^) -  V (x ,y ,z ) . (3.3)
Prom now on, only the planar problem will be considered, i.e. the motion of the massless particle or 
spacecraft will be confined in the x, y plane. This can be done due to the symmetry of the body given 
by the x, y plane.
Using the equations given by the RF2BP model, the aim of this thesis is to understand the role of the 
invariant manifolds in the dynamical environment of a non-spherical body, and how these manifolds can 
be used for mission planning and landing on asteroids.
The bodies considered in this thesis have non-dimensional shape parameters ax and ay, and rotation 
periods T  in hours. Therefore, to compute the non-dimensional angular velocity u> the mass and the 
fundamental unit of length are needed. For the computation of the mass, the body is assumed to be 
an ellipsoid with the required moments of inertia and constant density 2.5 g/cm^. Other densities can 
be considered, which will change the results slightly, but the overall behaviour will be the same. The 
non-dimensional semi-major axes of the constant density ellipsoid are
a /R  = 
b/R  = 
c /R  =
- ( 1  + Ciy- ax), (3.4)
^ ( l  + Ga: — tty), (3.5)
~( —l + a y  + ax). (3.6)
3.2.2 Equilibrium  points
The equations of motion of the RF2BP with the internal and external potential can have relative equilib­
rium points aligned with the x  and y axes (see figure 3.1). However, the only equilibrium points that we 
are interesredt in are the ones outside the body. Due to the fact that the real shape and density of the 
asteroid are not known, the gravitational potential used does not give information on where the surface 
of the body is. For simplicity, and in order to plot an approximate surface of the body, it will be assumed 
that the asteroid has the shape of an ellipsoid with semi-major axes given by equations (3.4), (3.5) and 
(3.6) but the density given by the gravitational potential developed.
(a) T  =  Qh (b) T  =  3h (c) T  =  2h (d) T  =  1.5/1
Figure 3.1: Zero velocity curves for a body with different rotation periods and shape parameters ax =  0.3 
and ay = 1. The dashed line is the equatorial section of the ellipsoid that has the same moments 
of inertia and the circle is the spherical boundary where the potentials are matched. In 3.1(a) four 
equilibrium points exist outside of the body, in the region where the external potential is used. In 3.1(b) 
the equilibrium points aligned with the long axis exist but are inside the body, and the ones aligned with 
the short axis are in the area of the internal potential. In 3.1(c) long axis equilibrium points do not exist 
and the short axis equilibria are inside the body. Finally, in 3.1(d) only an equilibrium point at the centre 
of the body exists.
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Long axis equilibrium points
Depending on the shape and rotation of the body there can exist two equilibrium points aligned with the 
æ-axis (one at each side of the body) called the long axis equilibrium points, [71]. The equation of the 
long axis equilibrium point is
^  +  2 ^  (1 +  %  -  2% )^ • (3.7)
The minimum Xeq allowed to have an external equilibrium point is at the surface of the body Xeq =
+ ay — ax). Then, w* =  —^  • For values of w smaller than w, externalV  ^ (—l-o;y-l-aj,)'‘y'10+10ax-10ay
long axis equilibrium points will always exist (see figure 3.2(a)). As the circumscribing sphere is the 
spherical boundary where the internal and external potential are matched, the long axis equilibrium 
points will always be computed with the external potential.
A study of the linearised equations at the equilibria using the external potential shows that the long axis 
equilibrium points outside the body always have a saddle-centre behaviour, and are therefore unstable, 
as shown in [71].
Short axis equilibrium point
Relative equilibrium points aligned with the y-axis, called short axis equilibrium points, external to the 
body can exist for the external (as shown in [71]) or for the internal potential depending on the shape
and rotation of the body. For the external potential, the equation of the equilibrium points is
1 +  7T~2~ (1 "h Oa; — 2 a y )2y,
(3.8)
In order to use the external potential the closest equilibrium point will be at the circumscribing sphere, 
where
W = 1 /5 V S , / -  -1 6  +  2 ^ 4 - 4 %  I  (3.9)
Y (—1 —O y+O a;) y / 1 0  +  10 Oy — 10 a x
The linearised system at the equilibrium shows that the external potential short axis equilibrium point 
undergoes a Hamiltonian-Hopf bifurcation, which means that it is complex unstable when close to the 
surface and stable when far from it [71]. Using Scheeres nomenclature from [71], the asteroids with short 
axis equilibria complex unstable are of type I and when the equilibria are stable, of type II. Due to 
the fact that the density computed by the internal potential vanishes at the circumscribing sphere the 
Hamiltonian-Hopf-bifurcation can cross the spherical boundary continuously.
When the angular velocity is smaller than the expression (3.9) for a given shape, the short axis equi­
librium will fall in the area of the internal potential, i.e. y '^ |(l +  Ox — ay) < yeq < ^^§(1 + ocy — a*). 
Different choices of the coefficients of the internal potential can slightly change the boundaries between 
regions, but the overall behaviour will be the same.
3.2.3 Periodic orbits 
Long axis case
The long axis equilibrium point has always two pure imaginary eigenvalues and two real ones Ai, Ag. 
Therefore, Lyapunov’s centre theorem guarantees that there exists a one-parameter family of periodic 
orbits emanating from the equilibrium point [60]. Furthermore, the periods of the family of orbits tend 
to 27r/w when we approach the equilibrium point. At the same time, the non-trivial multipliers tend to 
exp{2ivXj/0v).
In general, the orbits close to this equilibrium point inherit its instability, and therefore they will have 
a pair of +1 as eigenvalues and two real eigenvalues A, 1/A, as it is a Hamiltonian system. For a given 
shape and rotation, a family of periodic orbits about the long axis equilibrium can be parameterised by 
the Jacobi constant. The behaviour of these families will then be similar to the behaviour of periodic
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(a) Gray region: the long axis equilibrium point is 
outside the body
(b) Light gray region: the short axis equilibrium  point 
is com puted w ith the external potential. Dark gray 
region: it is outside the body but com puted w ith  the  
internal potential. The dotted line corresponds to the  
H am iltonian-Hopf bifurcation; below it the short axis 
equilibrium point is stable.
Figure 3.2: Regions in parameter space for the equilibrium points to be computed with the external or 
internal potential, and for them to be inside or outside the body when =  1.
orbits about the collinear Lagrange points in the RTBP. In this study, however, we are interested in 
understanding what is the effect of changing the shape in the behaviour of the orbits. Then, the families 
of periodic orbits considered here will be parameterised by the shape parameters.
Eigenvalue analysis The RF2BP has three parameters, the two shape coefficients ax,Oiy and the 
rotation period of the central body T. In this analysis we have fixed one parameter ay = 1 {lyy = Izz) 
and we have studied the effect on the behaviour of the periodic orbits of the other two parameters. 
Changing the parameter E (0,1), the Jacobi constant of the system varies considerably, meaning that 
it is not possible to have a family of periodic orbits with fixed energy varying the parameter in the whole 
interval, as for some ax values, periodic orbits around the long axis equilibrium point with a particular 
energy do not exist or they impact on the body. Therefore, two different studies have been done:
• study of the behaviour of periodic orbits changing the parameter ax with energy the energy of the 
equilibrium point for that shape plus a constant J  =  Jiaeq +  A J,
• study the behaviour of a family of periodic orbits with fixed Jacobi constant for a subinterval of ax- 
In this case we start with a periodic orbit with a particular energy J  for the upper limit of ax and 
we decrease the parameter ax keeping the energy of the orbit fixed, until the energy is too large 
for periodic orbits about the long axis equilibrium point to exist or until the orbits impact on the 
body.
For both cases, the stability parameter s =  A -f- 1/A has been studied. We recall that
s E M, |s| > 2 
s E M, |s| ^  2 
a E C \ R
A E M \  {  —1,1},
A E C, |A| =  1, 
A E C \ R , | A | ÿ ^ l .
Observing figure 3.3(a), we can see that as the ax parameter is increased, the orbits with the Jacobi 
constant equal to the Jacobi constant of the equilibrium point plus A J  fixed, become larger in amplitude
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(a) Periodic orbits about the long axis equilibrium point. The (b) Stability parameter for the periodic orbits,
sm allest orbit corresponds to the m inimum value of ax  and 
the largest to  the maximum.
Figure 3.3: Periodic orbits with energy C =  Ceqia + 10“  ^ and the behaviour of their eigenvalues, as a 
function of the shape parameter ax, for different values of the central body’s rotational period.
and the same happens by increasing the period. Therefore, 1) the orbits about the long axis equilibrium 
point for larger ax parameter or larger period T  will have more similar energies, and 2) increasing the 
ax parameter the orbits will be more stable as they are getting farther from the unstable equilibrium 
point. It is possible to observe in figure 3.3(b) that as the body becomes more elongated {ax decreases) 
the stability of the orbits decrease (the s parameter increases) and at the same time, the orbits become 
more unstable for shorter periods.
When the Jacobi constant is fixed, the stability of the periodic orbits behaves in a different way. For 
short periods, like the case of T =  4,8 hours, the intervals of ax are very small as changing the coefficient 
ax has a large effect on the Jacobi constant. In this case, the stability of the orbits decreases when the 
body becomes more elongated. However, for other periods, and other intervals of ax, we can see in figure 
3.4 cases where the stability parameter increases (becoming less stable) but then decreases, or cases where 
it directly decreases, meaning that the orbits are becoming more stable. This is due to the fact that the 
amplitudes of the orbits around the respective long axis equilibrium points increase, and therefore, the 
stability improves.
Short axis case
The short axis equilibrium point has complex eigenvalues when close to the body, or two pairs of pure 
imaginary eigenvalues =  1,2. Therefore, Lyapunov centre’s theorem only guarantees the existence
of two families of periodic orbits emanating from the equilibrium point for the latter case, when the short 
axis equilibrium point is stable, given that Cvi/ujj 0  Z. However, when the short axis equilibrium point is 
complex unstable, there still can exist periodic orbits around it, which are far from the equilibrium point. 
In this section we will analyse the stability of these orbits.
Fixing a period T, for each ax parameter such that the short axis equilibrium point is complex unstable, 
a periodic orbit with the same energy as that of the short axis equilibrium point is computed. These 
orbits will have two eigenvalues equal to +1 (due to the fact that it is a periodic orbit in a Hamiltonian 
system) and two other eigenvalues which can be complex in the unit circle or real, and they can undergo 
bifurcations.
It can be observed in figure 3.6, that for all the periods considered there are three bifurcations, where 
the eigenvalues become 1 or -1. The first part of the graph consists in two real eigenvalues A > 1 and 
0 < 1/A < 1 until they impact on the unit circle becoming 1. The second part of the graph starts with 
two complex conjugate eigenvalues of magnitude 1, belonging to stable orbits, until they impact at -1 
becoming real. The third part of the graph consists in two real eigenvalues A < — 1 and —1 < 1/A < 0,
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Figure 3.4: Behaviour of the stability parameter for periodic orbits with constant energy for each interval 
of ax for rotational periods T  =  4 ,8 ,1 2 ,16/i.
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Figure 3.5: Periodic orbits around the short axis equilibrium point for different ax parameter with the 
Jacobi constant of the respective equilibrium point. For increasing ax parameter, the orbit with the 
Jacobi constant of the equilibrium point approaches the equilibrium point.
which corresponds to unstable periodic orbits, but less unstable than the ones on the first part of the 
graph. These eigenvalues meet on the unit circle again becoming complex at -1. Therefore, the last part 
of the graph consists in two complex conjugate eigenvalues until they become +1. The graph finishes 
when the equilibrium point for the corresponding ax becomes stable.
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Figure 3.6; Behaviour of the real part of the two eigenvalues different from +1 of periodic orbits about 
the short axis equilibrium point. For each shape parameter ax the periodic orbit has Jacobi constant 
equal to the Jacobi constant of the respective equilibrium point.
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Hamiltonian systems theory [64, 66] tell us that a pair of eigenvalues A and A on the unit circle in 
the complex plane bifurcates onto the real axis at (1,0) in a tangent bifurcation, or at (-1,0) in a period 
doubling bifurcation. The tangent bifurcation creates two new orbits, one stable and one unstable, and 
the period doubling bifurcation takes an original stable period T  orbit and replaces it by an unstable 
period T orbit and a stable period 2T  orbit. Therefore, the bifurcations that appear in figure 3.6 are first 
a tangent bifurcation and later two double period bifurcations.
Observing figure 3.7(a), we see that there is no period doubling at any point in the graph, and this is 
because when the period doubling bifurcations occur, we have computed the stable branch that has the 
same period. We can observe the period doubling bifurcations happening if we study the invariant curves 
on the Poincaré map.
T=6h
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(a) Periods in non-dim ensional units o f the family of peri­
odic orbits com puted w ith  the central body rotating w ith  a 
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(b) Stable orbits in a period doubling bifurcation.
Figure 3.7: Periods for the computed family of the periodic orbits about the short axis equilibrium, and 
a period doubling bifurcation.
3.2.4 Invariant manifolds
In this section we are interested in the effect that the shape and rotation of the non-spherical body have 
on the behaviour of the stable and unstable invariant manifolds of the long axis equilibrium point and 
the unstable orbits around them.
As the long axis equilibrium is always a saddle-centre, and the periodic orbits close to it will inherit the 
same instability, stable and unstable manifolds can be computed for both the equilibrium and the nearby 
periodic orbits. These are manifolds that asymptotically approach, or depart from, the equilibrium point 
or periodic orbit, giving us a handle of how the dynamics behave close to the equilibrium or periodic 
orbit. This behaviour depends on the rotation period of the central body and its shape.
In this section we are interested in finding for which shapes and rotation rates the invariant manifolds 
approach or intersect the body and how many rotations about the body the manifolds perform before 
intersecting it or escaping from it. These results can be applied to the design of landing trajectories on 
asteroids or comets as a spacecraft following an invariant manifold will be able to approach the body with 
very low relative velocity, orbit around it while observing it, and finally land with a very small increment 
of velocity. This application has been studied in the next chapter.
In order to classify the behaviour of manifolds that intersect the body, the trajectories will be plotted 
using the angles (f> and a  where 4> is the position angle of the trajectory at the intersecting point on the 
equator of the ellipsoidal surface (0 =  0 is aligned with long axis) and a  is the angle of the velocity with 
respect to the tangent to the ellipse at angle 0 (a  =  0 is against the direction of rotation), see figure 3.8.
32 3. Dynamical environment of a non-spherical body
trajectoi
Figure 3.8: Angles 0 and a  on the equator of the ellipsoid. Angle 4> is the position on the ellipse of the 
intersecting point of the trajectory. Angle a is the angle between the velocity of the trajectory and the 
tangent plane at angle (j). The 6 angle is the angle between the tangent plane and the local horizontal.
Invariant manifolds o f equilibrium points
Given a body with shape and ay and fixed angular velocity w, the energy of the system, the Jacobi 
constant, C, acts as a parameter. The zero velocity curves given by the Jacobi constant divide the x ,y  
plane in different regions depending on the value of C. For very small energies, the trajectories are 
confined in an area next to the body, the interior realm, or they cannot reach the surface of the body, 
the exterior realm. The separation between the realms is due to an intervening forbidden region where 
the velocities would be complex.
- 4  - 3 4
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(a) C =  -0 .6 9 (b) C =  -0 .6 8 8
Figure 3.9: Zero velocity curves for a body with ax — 0.3, ay = \  and T =  6h.
As the energy increases, the zero velocity curves open up at the long axis equilibrium point and the 
exterior realm and interior realm are connected for the first time. At these energies a trajectory coming 
from far away from the body can approach its surface with low relative velocities compared to trajectories 
with energies that have the neck region larger and the forbidden areas smaller. Consequently, the invariant 
manifolds of the long axis equilibrium point define fuel-free paths that approach the asteroid and may be 
used for landing on it. In [63] the invariant manifolds of the 1:1 synchronous orbit or equilibrium point 
are used to transfer from higher altitude orbits to lower altitude for Vesta, but without approaching its 
surface.
In order to compute the invariant manifolds of the long axis equilibrium point, the eigenvectors of 
the linearised system at the equilibrium point are computed. Then, the numerical approximation of 
the invariant manifolds is the integration of the trajectories with initial condition a perturbation of the 
equilibrium point in the direction of the eigenvectors. The trajectories that correspond to the eigenvector 
with negative eigenvalue form the stable manifold. The trajectories that correspond to the eigenvector 
with positive eigenvalue form the unstable manifold. In both cases, there are two trajectories for each 
manifold, which correspond to a negative and a positive perturbation.
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In the following simulations, the shape parameter ay is fixed to 1 for simplicity, which means that 
This approximately occurs for many asteroids. For different ax G (0,1) and different periods 
of rotation, the trajectory that follows the unstable manifold of the respective long axis equilibrium point 
and is directed towards the body is integrated until it impacts on the surface of the ellipse with that 
value of ax, or until a maximum time is reached. In figure 3.10 the angle 4> on the ellipse of impact as 
a function of the shape parameter a^ is plotted. In this figure only the values a^ that put the long axis 
equilibrium point outside the body are considered.
a„=1 av=0.35..0.95 T=4h
T=8h
T=10h T=12h
Figure 3.10: Impact on the ellipsoid of the unstable manifold of the long axis equilibrium point for 
rotation periods T  =  4,6,8,10 and 12 hours for ay — 1 and different shape parameters a.x E (0,1) when 
the equilibrium point is outside the body. When the impact angle 0  is 360 means that the equilibrium 
point is on the surface of the ellipsoid. The upper most right picture represents some of the trajectories 
until they impact onto the ellipsoid for a rotation period of 4 hours.
Figure 3.10 tells us that as the body becomes more spherical (a^ approaches 1) the unstable manifolds 
of the long axis equilibrium point start orbiting the body for longer times, until they do not intersect 
the ellipsoid before the maximum time of integration. As the rotation period of the body increases 
the allowable region of a^ for impact trajectories decreases. It is possible to observe as well, that the 
trajectories accumulate in two bands of angle 0 which do not include the long axis region. Therefore, a
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Figure 3.11: Angle of arrival (j) and angle of the velocity with respect to tangent, of the different manifolds 
of figure 3.10. The different curves of the same symbol represent different shape parameters a^.
spacecraft following one of these paths without manoeuvring will not be able to land near the long axis 
of the ellipsoid.
If these manifolds are to be used for landing, it is necessary to know the angle of the velocity at arrival 
with respect to the surface. Ideally it would arrive vertically, a  =  90 degrees. From figure 3.11 it is 
possible to see that the manifolds impact with very large angles, even close to tangentially, which makes 
these trajectories not suitable without performing a manoeuvre, as the spacecraft may touch the ground, 
bounce and start orbiting again.
Invariant manifolds o f periodic orbits
Periodic orbits about the long axis equilibrium point emanate from it, and so, the invariant manifold of 
the equilibrium point is the limit of the invariant manifolds of the periodic orbits as the orbits shrink to 
the equilibrium. By using periodic orbits instead of the equilibrium point, we are allowing larger approach 
velocities, but at the same time other possible angles of the arrival velocity can be found.
The invariant manifolds of an unstable periodic orbit are calculated using the eigenvalues of the mono- 
dromy matrix of the system. The monodromy matrix is defined as the state transition matrix or fun­
damental matrix propagated for one complete orbital period. Once the eigenvalues and eigenvectors 
are found, in order to compute the invariant manifolds, the eigenvectors have to be propagated to the 
appropriate position along the orbit using the fundamental matrix. Then, the manifolds are calculated 
integrating points on the periodic orbits perturbed in the direction of the propagated vectors. The unsta­
ble manifold is calculated by integrating the perturbed point in the unstable direction forward in time. In 
the same way, the stable manifold can be found by integrating the perturbed point in the stable direction 
backwards in time.
In the different plots shown in figure 3.12 it can be seen that even increasing the energy of the periodic 
orbits, the manifolds do not seem to intersect the body vertically. Moreover, observing figure 3.12, we 
can see that by increasing the Jacobi constant of the orbits, a more chaotic behaviour of the manifold 
can be observed. A study of the behaviour of the manifolds depending on the energy of the orbit and the 
starting position on the orbit is necessary.
For different shapes and rotations of the elongated body, a family of 150 different periodic orbits about
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Figure 3.12: Impact on the ellipsoid of the invariant manifolds of different periodic orbits, for rotation 
periods T  =  4,8 and 12 hours, with 0 :^  =  1 and different shape parameters ax € (0,1).
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Figure 3.13: Left column: behaviour of the unstable manifold trajectories as a function of the Jacobi 
constant and the position on the orbit, for shape parameter ax =  0.3 and different rotation periods. The 
first trajectory on the periodic orbit is on the æ-axis with ÿ negative. The following ones are uniformly 
distributed in time along the periodic orbit and therefore belong to the 4th, 3rd, 2nd and 1st quadrants 
respectively. Right column: number of rotations about the elongated body that the unstable manifold 
trajectories perform during 50 rotations of the body. The number of rotations is given by the color bar: 
from 0 to 1, from 1 to 2, etc., until more than 5 rotations.
the long axis equilibrium point parameterised by the Jacobi constant were computed. For each orbit, 
150 different points with a constant separation in time were selected to compute the stable and unstable 
manifolds of each periodic orbit. These 150 x 150 initial conditions of the unstable manifolds were then 
followed until they impact on the surface, escape the vicinity of the asteroid or 50 rotations of the central 
body were completed. We have defined the vicinity of the asteroid as the spherical area centred at the 
origin with radius the position of the long axis equilibrium point plus the amplitude of the orbit. The 
first initial condition for the manifold is located on the x  axis, on the right side of the orbit. The order 
of the orbit’s quadrants explored is therefore 4,3,2,1.
For each trajectory we plotted its behaviour and the number of times it went around the body. Figures 
3.13, 3.14 and 3.15 tell us that as the body becomes spherical, and as the rotation period increases, fewer 
trajectories impact on the body and more keep orbiting in its vicinity. Moreover, for more spherical 
bodies and longer rotation periods, the trajectories orbit around the elongated body a higher number 
of times, allowing for a longer period of observation before landing. Rotation periods higher than 10-12 
hours allow the invariant manifolds to circulate around the body several times before impact.
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Figure 3.14: Same as figure 3.13 but with = 0.5.
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Figure 3.15: Same as figures 3.13 and 3.14 but with =  0.7.
38 3. Dynamical environment of a non-spherical body
3.3 Study of dust behaviour
In the previous section, it has been seen that trajectories from the unstable invariant manifold of periodic 
orbits can intersect with the body, and therefore similarly, trajectories starting on the surface of the body 
can belong to the stable manifold. As part of the study of the dynamics in the vicinity of non-spherical 
bodies, we aim to understand what is the behaviour of trajectories starting from the surface of the body 
(ejecta) and what is the role of the invariant manifolds in the classification of these trajectories. With 
this study we aim to understand as well the long term behaviour of ejecta after cycles of ejection and 
impact modelling the cycles as Markov chains.
3.3.1 Short term  behaviour o f ejecta
To start with, we integrate trajectories located on the surface with different departure angles for different 
Jacobi constants. Let <f) be the position angle on the ellipsoid such that (x, y) =  (a cos 4>,bsm(j)) parame- 
terises the equatorial ellipse and a  the angle of the velocity vector with respect to the tangent at angle 
(j) (see figure 3.16). The maximum time of integration considered is 10 rotations of the central body. 
The trajectories are then classified in 3 categories depending on whether they impact back on the body, 
escape, or they still orbit in the vicinity of the body after the maximum time of integration is reached. 
For each trajectory that impacts back on the body, the angle 4> and a  of impact and the time of impact 
with the body are computed. As the body is symmetric only one hemisphere of the equatorial ellipse has 
been considered. Quadrants I and III, and II and IV, have the same behaviour.
Figure 3.16; Angles on the equatorial ellipse to define the initial conditions for the trajectories.
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(a) J=0.79485177863623030832 (b) 3=0.67985177863623030832
Figure 3.17: Behaviour of trajectories departing from the surface of asteroid 1620 Geographos modelled 
as an ellipsoid of mass 2.610^^ kg with rotation period 5.223 hours and dimensions 5.1 x 1.8 x 1.8 km. 
In 3.17(a) the Jacobi constant corresponds to the energy at the long axis equilibrium plus 0.005 in non 
dimensional units and in 3.17(b) corresponds to the energy at the long axis equilibrium plus 0.12 which 
is close to the energy at the short axis equilibrium point. Colour blue represents the trajectories that 
impact back on the body, brown the ones that escape and green the trajectories that have not impacted 
or escaped at the maximum time of integration.
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Figure 3.18: Angle 0 of arrival for the trajectories with the same initial conditions as figure 3.17.
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Figure 3.19: Angle a  of the velocity at arrival for the trajectories with the same initial conditions as 
figure 3.17. In this case the angle a  is negative as the trajectories are going towards the body.
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(a) 3=-0.79485177863623030832 (b) 3 =  0.67985177863623030832
Figure 3.20: Time of impact back on the body in non-dimensional coordinates for the trajectories with 
the same initial conditions as figure 3.17. T  =  18.618736749493264788 is the period of the asteroid in 
non-dimensional coordinates.
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Observing figure 3.17 the first thing to notice is that for both energies there is a chaotic behaviour 
of the different initial conditions, with a clear structure differentiating the behaviours of the trajectories 
that we aim to understand. Observing in detail figure 3.17(a) we see that only for a > 100 degrees 
trajectories will be in the region of chaotic initial conditions. This means that for slow relative velocities 
between the dust and the asteroid only trajectories that depart in the direction of the rotation will have 
an interesting behaviour. Looking at the position angle 0 we see two different areas, (j) small or 0 large, 
which corresponds to the positions close to the long axis, and 0 close to 90 degrees, which corresponds 
to the short axis. For larger relative velocities between the ejecta and the asteroid, as seen in figure 
3.17(b), the areas of 0 small and large increase and the angle a  can be smaller allowing for trajectories 
that can depart with velocities not in the direction of the rotation. In this figure, the island for 0 close 
to 90 degrees has disappeared. Studying figure 3.18 it is possible to see that for both energies, the 
areas without chaotic behaviour of the initial conditions the angle of arrival 0 behaves like a continuous 
function of the initial condition, whereas it has a chaotic behaviour in the other region with neighbouring 
trajectories having different behaviours or even impacting on very different locations on the asteroid. 
A similar observation can be made in figure 3.19 where for small angles a  of the initial condition the 
impact trajectories have small final angles a, but as we approach the escape regions (characterised by 
larger angles a) the final angle of the velocity at arrival is close to -180, which means that trajectories are 
nearly tangential. Finally, observing figure 3.20 it is possible to see that for both energies the majority 
of trajectories impact back on the body before one rotation has been performed. Only initial conditions 
in the chaotic region belong to trajectories that orbit longer times.
As said before, we aim to understand why there is this difference in behaviour of the trajectories and 
what is the role of the invariant manifolds in this classification. Then, in order to study this, we first 
compute different periodic orbits with the corresponding Jacobi constant and their manifolds. Once the 
periodic orbits are computed, a set of trajectories of the stable manifold are integrated backwards in time 
until they escape the vicinity of the asteroid or they impact on it. For those trajectories that impact we 
compute the angle 0 and angle a.
Considering the case J  = —0.79485177863623030832 we have computed 3 unstable symmetric periodic 
orbits with respect to x  axis with initial conditions from table 3.1. Computing the stable manifold of 
each orbit and following it we get the figure plotted in 3.22. Observing the figure it is possible to see 
that the intersection of the stable manifold of different periodic orbits with the same energy gives the 
chaotic structure in the 0 — a  plane. Therefore, the stable manifold of periodic orbits of a given energy 
classifies the trajectories on the surface of the asteroid. Similarly, the same can be done for the case 
J  =  -0.67985177863623030832.
X y X V
2.500443393074
4.065068311036
4.200632250393
0.0 0.0 -0.1475350376252
0.0 0.0 -0.8985342485041
0.0 0.0 -0.9575610553713
15.46896180022
90.02408524915
197.0379641167
Table 3.1: Initial condition for unstable periodic orbits with energy J  =  —0.79485177863623030832.
Figure 3.21: Periodic orbits with initial conditions from table 3.1.
3.3. Study of dust behaviour 41
20 40 60 80 100 120 140 160
m
130 140 150 160 170
(a) J=-0 .79485177863623030832 (b) Detailed image of 3.22(a)
Figure 3.22; Angles 4> and a  of the stable manifold of periodic orbits with fixed Jacobi constant overlaid 
on the behaviour of the ejecta with the same energy. The manifold of the first orbit from table 3.1 is 
represented in black, the manifold of the second orbit in yellow and in red the manifold of the third orbit.
y V
0.0 5.013535684789
0.0 -5.013535684789
1.376790676078 0.0 105.63839623512166
-1.376790676078 0.0 105.63839623512166
Table 3.2: Initial condition for unstable periodic orbits with energy J  =  —0.67985177863623030832.
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Figure 3.23: In black, angles (j) and a  of the stable manifold of periodic orbits from table 3.2 overlaid on 
the plot of the behaviour of ejecta with the same energy.
3.3.2 Long term  behaviour o f ejecta
Assuming that during the life time of an asteroid there are cycles of ejecta and impact due to possibly 
impacts with other bodies, we model the ejecta process as a Markov chain. In particular, we are interested
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in modelling the angle of arrival (j).
First of all, as done in the previous section we will compute trajectories from the surface of the body 
for different energies. In this case we have considered 20 different energies, from J  =  —0.7898517786362 
to J  =  —0.5998517786362 with increments of 0.01. In this case, in order to have a uniform distribution of 
trajectories over the surface of the ellipsoid the initial angles 0 are chosen in such a way that the length of 
the segment between two different angles is constant. We have chosen 360 different angles (j) on the north 
hemisphere of the ellipsoid, and for each angle 4>, 360 different angles a  G [0,180] are used. Therefore we 
have integrated 360 x 360 initial conditions. For each trajectory following an initial condition, we have 
computed the angle of arrival ^ /.  Due to the fact that there is a symmetry in the system, it is possible to 
plot the final angle of arrival (/»/ as a function of 4>i and a* for the whole ellipsoid as seen in figure 3.24. 
Once the final angle of arrival is computed, it is interesting to see the statistics of where does more dust 
accumulate using a histogram. Observing figure 3.25 it is possible to see that the most probable angle of 
arrival on the ellipsoid is around 120 and 300 degrees and the least probable is along the long axis ends.
To model the angle ^  as a Markov process we consider the following transition matrix
T  =
=  0 0 / =  359.64 to oo \
<t>i = 0
(j)i = 359.64
fro m  oo /
where at each cell T { i,j)  not belonging to the last row or last column we write the total number of 
trajectories that started at the correspondent angle (j)i given by the row number i that have landed 
between the angle of arrival and divided by 360, as there are 360 different angles a  for each 
(j)i. In the last column for each we write the total number of trajectories that have not impacted 
divided by 360. In the last row we have written the same as last column but with opposite order divided 
by the total number, in order to normalise it to 1. This last row has opposite order compared to the 
column due to the fact that if a trajectory of the stable manifold of a periodic orbit of a particular energy 
impact the body with ^  = x  then one of the unstable manifold trajectories will impact the body at 
(f) =  360 — X. As we have seen that the behaviour of the trajectories on the surface of the ellipsoid is 
given by the invariant manifolds, then, trajectories coming from infinity will behave in the way described 
in the transition matrix.
A good way of visualising the transition matrix is by plotting it. Observing figure 3.26, it is possible to 
see that the highest probabilities happen for trajectories departing from the short axis area and arriving 
on the short axis area. This tells us that trajectories near the long axis area tend to disperse more. In 
this figure we have not plotted the last row and column of the transition matrix as they have higher 
probabilities and it would be difficult to observe the whole matrix. The last column, the probability ôf 
escape depending on the initial angle is plotted in figure 3.27.
To understand the long term behaviour of the ejecta after many cycles we consider the powers of the 
transition matrix T ” which are plotted in figure 3.28. Observing the figure it is possible to see that the 
Markov chain converges to a Matrix with all the rows the same, meaning that the final distribution of 
dust does not depend on the original one. It is possible to see a slight maximum of the probability around 
the short axes of the ellipsoid, which would make the body slightly more spherical.
3.4 Sum m ary and conclusion
In this chapter we used the gravitational potential derived in the previous chapter to study the non­
linear dynamics around rotating non-spherical bodies. Due to the fact that the potential developed is 
a continuous and differentiable function, it has allowed us to study the dynamical environment of an 
asteroid everywhere, near the surface and far from it. We have modelled the non-spherical bodies with 
two shape parameters, ax and Oy, and we have studied how the dynamics around equilibrium points 
change depending on them and on the rotation period of the body T.
In the present work, we have focused our analysis in understanding the behaviour of equilibrium points 
and invariant manifolds of periodic orbits due to the fact that in this problem they can intersect the non-
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Figure 3.24: Final angle (j)f as a function of ai in the x  coordinate and 0iV in the y coordinate for 20 
different Jacobi constants. The ellipsoid is the same ellipsoid used in the figures of this section.
44 3.Dynamical environment of a non-spherical body
x lO
0.8
0.6
0.4
0.2
0  20  40  60  80  100 120 140 160 180 20 0  220  2 40  260  280  300  320  340
4)
Figure 3.25: Histogram of the final angle (j)f for 20 different Jacobi constants.
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Figure 3.26: Transition matrix for asteroid Geographos
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Figure 3.27; Left: last column of the transition matrix for asteroid Geographos. Right: last row of the 
transition matrix for asteroid Geographos.
spherical body. These intersections give us fuel-free trajectories that can arrive to, or depart from, the 
body. These trajectories can then be used by a spacecraft for landing on an asteroid which will be studied 
in the following chapter, or can be used by dust ejecta after an impact to escape from the vicinity of the 
body, as the stable manifolds of periodic orbits classify the possible behaviour of ejecta on the surface of 
the body.
Modelling dust ejecta using Markov chains has given us information of its long term behaviour after 
several cycles of impacts and expulsion of ejecta. Then, we can conclude that after continuous cycles the 
final distribution of ejecta does not depend on the initial one and it will tend to circularise the body.
Finally, the work done in this chapter will be used as a basis for the theory in the following chapters 
as we will introduce more masses to the system and this problem will be a particular case of the others.
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Figure 3.28: Markov process for asteroid Geographos. Transition matrices T'^  
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4. Landing on asteroids
4.1 Introduction
There have been two missions that included controlled landings on asteroids: the NEAR mission to 
asteroid Eros [91, 32, 23] and the Hayabusa mission to asteroid Itokawa [53]. However, neither of these 
missions used the natural dynamics about the equilibrium points as part of the landing manoeuvres, 
even though good approximations to the shape and gravitational potential of the model were computed 
by the same spacecraft while orbiting the asteroid. In this chapter we propose a methodology for close 
observation of the asteroid and later landing that takes advantage of the invariant manifolds of periodic 
orbits close to the surface studied in chapter 3.
Previously, it has been shown that the unstable manifolds of periodic orbits can provide fuel-optimal 
trajectories that approach and intersect the body with small relative velocities. In a similar way, tra­
jectories from the stable manifold come from far away from the body and approach the periodic orbit. 
Therefore, by adding small manoeuvres to appropriate trajectories from the stable and unstable manifolds 
a close rendezvous trajectory and a soft landing can be achieved.
In recent decades, a lot of research has been done applying the dynamical model of the RTBP to real 
missions, exploiting the natural dynamics of invariant manifolds to explore the Universe without high 
consumptions of fuel. In this chapter the same idea is applied to asteroid missions. The possibility of 
approaching and landing on an asteroid using the natural dynamics around unstable equilibrium points 
given by the non-spherical nature of the asteroid is studied.
4.2 Trajectory design
Given a periodic orbit around the long axis equilibrium point, a trajectory of the stable manifold can 
take a spacecraft from the exterior realm to the periodic orbit without using fuel. Therefore, the first 
manoeuvre needed is the insertion onto the appropriate stable manifold. Once the spacecraft is on the 
desired periodic orbit, a jump to the unstable manifold is required. This is the second manoeuvre. Then 
the spacecraft will travel on the unstable manifold without thrusting, approaching the body in the interior 
realm. Finally, once the spacecraft has orbited the body and decided where to land, the last manoeuvre, 
a vertical landing, has to be performed.
In this section we will show how the landing can be performed using invariant manifolds. An example 
with a real asteroid {Nereus) is given with the required increments of velocity computed for each trajectory. 
The aim is to use a trajectory that starts on a parking orbit around the asteroid in the exterior realm, 
approaches it via the stable manifold of a particular Lyapunov periodic orbit around the Lagrange point, 
and then orbits the asteroid several times in the interior realm on the unstable manifold, before performing 
a vertical landing.
Asteroid 4660 Nereus [18] is a small Apollo and Mars crosser of dimensions 2a =  510 m, 26 =  330m 
and 2c =  241m. Its orbit approaches the Earth frequently which makes this asteroid very accessible 
to spacecraft missions due to the low Av needed for rendezvous. Moreover, the rotation period of this 
asteroid is T  =  15.16 hours, which makes it very suitable for the theory developed in chapter 3. The shape 
parameters for asteroid Nereus are ax =  0.4525 and ay — 0.8623. In order to compute an approximate 
mass we have assumed a constant density of 2 g/cm^, which gives us a mass of 4.2475 • 10^° kg.
In order to design the whole trajectory, it is necessary to first select the desired Lyapunov orbit around
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the long axis Lagrange point, as the whole design of the trajectory depends on it. This orbit should 
have an unstable manifold that approaches the asteroid and orbits it several times at low relative velocity 
to guarantee a suitable observation time. Thus, we start by analysing the behaviour of the unstable 
manifolds of different periodic orbits around the long axis Lagrange point as we have done before when 
studying the behaviour of manifolds in chapter 3, in figures 3.13-3.15. In this case, we have selected 200 
periodic orbits emanating from the Lagrange point and for each orbit 200 trajectories on the invariant 
manifold have been followed until they intersect the body, escaped from the vicinity or a maximum time 
was reached. This maximum integration time considered is 50 rotations of asteroid Nereus.
Nereus
140
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Trajectory manifold 
Im p ac ^ ^ ^ S tijlO ^ ft^ E s c w e  vicinity
9 80
(a) Behaviour manifolds
50 100 150 :
Trajectory manifold 0 1 2 3 4 5
(b) Number of rotations around body
Figure 4.1; Behaviour of 200 different trajectories for each of the 200 different periodic orbits about the 
long axis equilibrium point of asteroid Nereus. The term trajectory manifold corresponds to each of the 
different 200 trajectories considered on the manifold.
Observing figure 4.1 we see that for small periodic orbits (lower part of the graph on the right hand 
side which correspond to small Jacobi constant) the trajectories go around the asteroid Nereus a larger 
number of times. Therefore, for a mission that first wants to observe and study the asteroid for some 
time and later land on a desired spot, this kind of periodic orbit seems suitable. As our example for the 
complete landing manoeuvre, we have selected the small periodic orbit around the Lagrange point with 
initial conditions
X = 4.878060190404,
y  =  0.0,
X  =  0 .0,
ÿ = -0.1253951750843,
and Jacobi constant C =  —0.3572213504562 plotted in figure 4.2. This figure also shows two stable 
retrograde orbits around the asteroid that can be used as the initial parking orbit. The parking orbit 
should be stable as the spacecraft will stay on it for a period of time in order to study the asteroid and 
compute the gravitational potential. As the final aim of the mission is to land on the spacecraft using 
invariant manifolds, the parking orbit should be chosen in such a way that the trajectories from the stable 
manifold of the desired Lyapunov periodic orbit intersect the parking orbit.
4.2.1 M anoeuvre 1: insertion onto the stable manifold
We will assume that at the beginning of the landing manoeuvre, the spacecraft is already on a stable 
periodic orbit around the asteroid in rotating coordinates. The radius of the orbit will be between 10
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Figure 4.2: Periodic orbits selected for the mission. The asteroid Nereus is plotted in thick black line.
to 20 non-dimensional units, which is between approximately 5 and 10 radii of the system, as plotted in 
figure 4.2.
The stable manifold trajectories that come from the exterior realm are retrograde in the rotating frame 
and circulate around the body many times, some of them reaching back to the stable parking orbit. The 
first manoeuvre is performed at an intersection point between the manifold and the orbit. In order to 
find an intersection point, we integrate backwards the different trajectories on the stable manifold of the 
selected periodic orbit.
2020
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(a) (b)
Figure 4.3: Two different trajectories from the stable manifold of the periodic orbit (plotted in light gray) 
and two stable orbits about the asteroid in inertial coordinates. The right trajectory intersects the orbits 
about the asteroid.
The choice of the stable manifold trajectory and the point at which the insertion manoeuvre onto the 
manifold is performed will depend on the choice of initial parking orbit and the desired time of transfer. 
In principle, a detailed study should explore the trade-off between the time taken to transfer and the Av, 
but this goes beyond the scope of this chapter, where we focus on the last part of the landing manoeuvre. 
We have therefore selected a particular orbit and trajectory of the manifold to compute the required 
manoeuvres. Other choices of orbits with lower A v  might be possible and an optimisation method could 
be used to find them. Due to the fact that not all the Lyapunov orbits around the long axis equilibrium 
point have to have stable manifolds that intersect the parking orbit, the choice of the parking orbit will 
depend on the initial choice of the Lyapunov orbit.
Having selected as the initial parking orbit the one in figure 4.4 with initial conditions in non-
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Figure 4.4; Intersection of the stable manifold trajectory and the largest parking orbit considered in 
rotating coordinates.
dimensional units
æ =  16.8456946730,2
y =  0 .0 ,
X  =  0 .0 ,
ÿ =  -1.684873324352
and period T  =  62.82228500699, and the manifold trajectory shown in figure 4.4, with initial conditions
z  =  4 . 0 1 8 8 0 2 2 0 3 4 9 3 ,
y =  -0.9477276602606,
X = -0.04843510212615,
ÿ =  0.06122417274927,
if we perform the manoeuvre at the point x  = —15.247829, y =  —7.160792 in rotating coordinates which 
corresponds to non-dimensional time t = —1295.347146078 we have the following non-dimensional inertial 
velocities:
Xorbit
ÿorb it
^ m a n i fo ld
V m a n ifo ld
-0.716254,
1.525018,
-0.666349,
1.637142.
Then, the A v  for this manoeuvre is 0.122723 in non-dimensional units which corresponds to 1.3048968 • 
10“  ^ s" i. As the fundamental unit of length for asteroid Nereus is R  = 135.83 m, the A v  for the first 
manoeuvre is 0.01772 ms“ .^ The time of transfer for this manoeuvre is approximately 14.1 days.
4.2.2 M anoeuvre 2: jum p to  the unstable manifold
Once the trajectory has approximately reached the periodic orbit, a very small manoeuvre has to be done 
to perturb the spacecraft in the direction of the unstable manifold to follow a desired unstable trajectory. 
The branch of the unstable manifold chosen is the one that departs from the orbit in the direction of the 
interior realm.
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Looking in detail at figure 4.1 we see that the initial points on the orbit that perform more revolutions 
before impacting or escaping fall on the right hand side of the plot. This means that the suitable starting 
points for the unstable manifold are approximately on the second and first quadrant of the periodic orbit, 
where the 0 angle is defined as the intersection with larger x  between the periodic orbit and the a;-axis. 
The A v  to perform the jump is negligible as the stable and unstable manifold have the same Jacobi 
constant.
4.2.3 M anoeuvre 3: vertical descent
When the spacecraft is on the unstable manifold it will approach the surface of the asteroid without 
any thrusting. The trajectory selected for the landing manoeuvre is plotted in figure 4.5 and it has the 
following initial conditions
æ =  4.518027515857, 
y = 0.9608006701563,
X = 0.06475124539802, 
ÿ = -0.05660351029247.
We have selected this orbit because it goes around the asteroid 4 times before impacting on the surface. 
Then, the spacecraft has time to observe the asteroid at a safe distance before deciding where to land.
0
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Figure 4.5: Trajectory of the unstable manifold for the periodic orbit selected. The trajectory starts on 
the first quadrant of the periodic orbit.
Observing figure 4.5 we see that if a manoeuvre is not performed, the trajectory will impact the 
asteroid tangentially. Therefore, it is possible that depending on the coefficient of restitution of the 
asteroid, instead of remaining on the surface of the asteroid the spacecraft might go into orbit again. 
In order to have a safe landing on an asteroid, it is desirable to follow a trajectory which arrives at the 
surface orthogonally. However, the different manifolds inspected in this paper that intersect asteroid 
Nereus and other elongated bodies with different shape and rotation parameters, do so with a very large 
angle, between 140 and 180 degrees, as we have seen in the previous chapter (see figure 3.12). These are 
not suitable descent angles for real missions. Therefore, a control algorithm must be implemented in order 
to achieve a vertical landing. This control algorithm can also be implemented on manifold trajectories 
that do not impact on the body and it will guarantee an impact with the surface.
A suitable way of studying this problem is by using orthogonal elliptic coordinates. The orthogonal 
elliptic coordinates lines are confocal ellipses and their orthogonal hyperbolae. To define the focal distance 
of the coordinates we will use the foci of the ellipse that has the same a  parameters as the equator of 
the asteroid considered. Therefore, the foci are located at (—/,  0) and (/, 0) where /  =  and
52 4-Landing on asteroids
a = > /5 /2(l + ay — ax) and b = -^5/2(1 + ax — ay) are the normalised semi-major and semi-minor axes 
of the ellipse. Therefore, the equatorial ellipse of the body defines the coordinates.
The elliptic coordinates (//, u) are defined by the following transformation to Cartesian coordinates
X  = f  cosh fjb cos u ,  
y = f  sinh y  sin v,
(4.1)
(4.2)
where y  S M'*' and v G [0,2?r]. In these coordinates, trajectories with constant y  form ellipses and 
trajectories with constant v  form hyperbolas. If the landing trajectory follows a hyperbola, the touch 
down on the elliptical surface will be orthogonal. Therefore, the control algorithm will have to satisfy 
z> =  0 to guarantee orthogonal landing. In addition, the control algorithm will have to guide the spacecraft 
to y  — yo which defines the equatorial ellipse and surface of the body. Due to the fact that the manifold 
trajectories approach the body with very low relative velocity, the landing manoeuvre designed does not 
include a reduction of the velocity as the velocity at touch down will be very small.
The landing manoeuvre will be as follows. First of all, the spacecraft will follow freely a particular 
unstable manifold around the body while inspecting it. This particular trajectory of the unstable manifold 
has been selected so that it orbits around the asteroid several times, allowing the spacecraft to have a 
good observation time. At the moment a suitable spot for landing has been selected, the controller will 
be turned on. The control law will be a simple proportional-derivative controller. At each time step, the 
trajectory will be at (z, y, x  ÿ) which have their corresponding (/i, i/, y, ù), but we want y  to approach yo 
and z> =  0. Therefore, we define the following errors:
errorx
error,, =y
errordx
errordy
f  cosh yo cos u — f  cosh y  cos i/,
/  sinh yo sin i/ — /  sinh y  sin zv,
f ÿ  sinh y  cos v — f  {y sinh y  cos u — n cosh y  sin u) ,
f f i  cosh ys in u  — f  {fi cosh y s m u  + ù sinh y  cos u) .
(4.3)
(4.4)
(4.5)
(4.6)
Note that in the errordx and errordy expressions the term yo does not appear and instead there is the 
variable y. It was considered in this application that the proportional part of the controller would take 
care of the error in position and the derivative part of the controller would take care of the error in 
velocities. It is possible as well to consider errordx = //z sinh/zq cos i/ — /  (/t sinh ja cos i/ — z> cosh/z sin z/) 
and errordy =  f f i  cosh yo sin z/ — /  (/i cosh ys in u  + Ù sinh y  cos v), although the results in this chapter are 
computed with the expressions of the errors from equations (4.3)-(4.6). Then
u  =  (ui, W2 )^  =  K p ■ {errorx, errory)* + K d  • {errordx, errordy)* (4.7)
where the gains K p  and K d  have to be tuned accordingly.
To achieve vertical landing for the trajectory of the unstable manifold for asteroid Nereus plotted in 
figure 4.5, we perform the controlled landing following approximately a hyperbola. The starting point 
of the controlled trajectory can be anywhere on the unstable manifold trajectory, it will only depend on 
where we want the spacecraft to land. The resulting controlled trajectory is plotted in figure 4.6.
From the parking orbit, dividing the landing in these three legs: insertion onto the stable manifold, 
jump to unstable manifold and vertical landing, we have achieved a soft controlled landing manoeuvre 
with the increments of velocity summarised in table 4.1. Therefore, for the whole landing manoeuvre the 
total A v = 0.1153 ms“  ^ and the final velocity on arrival is 0.1097 ms~^.
Leg Av Time of flight
insertion stable manifold 0.01772 m s-i 14.1 days
jump unstable manifold % 0.0 ms~^
vertical landing 0.1132 m s-i 8.94 days
Table 4.1: Increments of velocity and time of flight for a landing manoeuvre on asteroid Nereus.
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(a) Rectified trajectory for landing on Nereus (b) Zoom view  of the landing trajectory
Figure 4.6: In green a particular trajectory of the unstable manifold. The red line represents the corrected 
landing to achieve orthogonal intersection with the surface of asteroid Nereus. The pink line is the 
orthogonal hyperbola with the same intersecting point. The controller gains for this trajectory are set in 
non-dimensional units as: K p = 0.05 and K d = 3.0.
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Figure 4.7: Thrust and A v  as a function of time for the last part of the landing trajectory.
4.3 Conclusion
W ith the study and analysis of the behaviour of the invariant manifolds of periodic orbits done in chapter 
3, we have come up with a methodology that can be used to design a landing mission on an asteroid. 
This methodology is valid for elongated asteroids that have the long axis equilibrium points outside of the 
body, and it is more suitable for elongated asteroids that have rotation periods longer than 10-12 hours. 
Longer rotation periods give the spacecraft more time for observation of the asteroid as the manifolds 
circulate around the body several times before impact on them. In order to achieve a vertical landing, 
and so to reduce the possibility of going again into orbit after touch down, a simple pd control strategy 
has been designed. With this methodology the landing manoeuvre from a stable quasi-circular parking 
orbit in the exterior realm but close enough to the asteroid (5-10 radii distance) can be achieved with 
small increments of velocity of the order 0.12 ms“  ^ for asteroid Nereus. As the analysis of the landing is 
carried out with only the period of rotation and shape parameters of the asteroids, the values of A v  can 
be extrapolated to asteroids of different sizes, and therefore, this method for landing on asteroids with 
similar rotation period as Nereus and semi-major axis of 1 km guarantees a A v  of 0.12 ms“  ^ or a A v  of 
1.2 ms“  ^ for an asteroid with semi-major axis of 10 km and similar shape as Nereus.
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Figure 4.8: All the landing manoeuvre from the parking orbit in rotational coordinates.
As it has been seen throughout this chapter, the dynamics of the invariant manifolds are very chaotic 
and small perturbations can modify the trajectories that approach the asteroids. Due to this fact, detailed 
control strategies have to be implemented to guarantee the mission safety.
5. The full problem of two bodies
5.1 Introduction
In this chapter the dynamics of two rigid bodies orbiting their common centre of mass are studied. In 
the literature this problem has been named as the full two-body problem (F2BP) as the shapes of the 
bodies are taken into account. Mainly the F2BP has been studied under the simplification that one of the 
bodies is spherical (see [7, 9, 30, 49, 50, 72, 73]). This assumption simplifies considerably the equations 
as the rotation of the spherical body can be decoupled, but, a t the same time it still allows for coupling 
between rotational and translational motion. This simplification of the problem is often called sphere 
restricted full two-body problem, SRF2BP, and it is the one used in this chapter. When the mass of the 
spherical body reduces to zero, the problem studied in chapter 3 is recovered. Although the SRF2BP 
has been extensively studied, other studies considering that both bodies are non-spherical have also been 
published (see [19, 56, 74, 75]).
Classical studies of simplifications of the full two body problem contain the work done by Duboshin 
in 1959 (see [30]), where he considered a simplification in which one of the bodies was a sphere and the 
other one a rod (rectilinear segment). He found three particular relative equilibrium solutions, which were 
called arrow, float and spoke, where the rod centre moves in circular orbits about the sphere. In the arrow 
configuration, the rod is always tangent to the circular orbit at its centre. In the float configuration, the 
rod is always perpendicular to the plane of the orbit, and in the spoke configuration, the rod-like body is 
along the radial direction. Although this work is not very relevant to our work, it is a starting point for 
other studies that have been considered in the last years.
The work done by Kinoshita in 1970 and 1972 [49, 50], is another simplification where one of the bodies 
was a sphere with spherical mass distribution and the other an axisymmetric body with axisymmetric 
mass distribution or a triaxial body (these problems are usually referred as Kinoshita problems and they 
are particular cases of the SRF2BP). Although the analysis carried out in those papers differs from the 
one developed in this report, the simplification of having a spherical body and a triaxial one is our starting 
point. In these studies, the equilibrium configurations were found and their stability was studied. In these 
investigations, Kinoshita found the equivalent float, arrow and spoke equilibrium configurations for an 
axisymmetric body (1970), and for triaxial bodies (1972). The regions in shape parameter space for their 
stability were also found. In the year 1980, K. B. Bhatnagar and U. Gupta studied the generalisation 
of the Kinoshita problem when both bodies were axisymmetric [15], and in 1986 when they were both 
triaxial rigid bodies, [16], which are particular cases of the F2BP. They had the correspondent equivalent 
results in equilibrium configurations and their stability.
More recently, Vereshagin, Maciejewski and Gozdziewski, in [87], studied the Kinoshita problem where 
one of the bodies is a sphere and the other axisymmetric. In this paper, the results of Kinoshita have 
been extended assuming that the potential function of the symmetric body is known explicitly, without 
truncation of the potential series. Three different kind of relative equilibrium solutions are found, which 
are called cylindrical, inclined co-planar and conic precession. The paper discusses the comparison be­
tween these results and the Kinoshita equilibrium configurations flow, arrow and spoke, concluding that 
the float equilibrium coincides exactly with the cylindrical precession and the arrow and the spoke are 
just particular cases of the inclined co-planar solution. Hence, the conic precession is a new equilibrium 
configuration.
In the last years, other different approaches to the problem of two rigid bodies have been considered 
as well, where the modelling of the non-spherical body is done in a completely different way. An example
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would be what is called the Chermnykh Problem, see [38]. In this problem the gravity field of the 
axisymmetric body is approximated by the gravity of two point masses lying on the axis of symmetry 
of the body (dumb-bell model). This problem was first studied by Chermnykh in 1987 for a massless 
spherical particle, and when the mass of the sphere is not negligible, it was approached by Kokoriev and 
Kirpichnikov in 1988. In [37], Gozdziewski and Maciejewski modified the model introduced by Kokoriev 
and Kirpichnikov for the study of the unrestricted planar motion of a point mass and a symmetric rigid 
body, such that its gravitational potential is approximated by a dumb-bell model. Although this paper 
uses point masses to simplify the expression of the potential of the non-spherical body, whereas in this 
chapter we will use expansion of the potential using spherical harmonics, the results of relative equilibria 
found are similar to ours. Moreover the results of this approach to the problem are also similar to the 
case where the body is modelled as a rod or as a triaxial body.
Maciejewski in 1995, [56], studied the problem of two rigid bodies without simplifications. He showed 
that using a particular non-canonical structure, the equations of motion are Hamiltonian and that the 
system has natural symmetries. In this paper it is showed that for the symmetrically reduced dynamics 
36 different and generally non-Lagrangian relative equilibria (their orbits lie in different parallel planes) 
exist for two generic rigid bodies. These solutions are such that the centres of mass of the bodies move 
in parallel and generally in different planes, with circular orbits and fixed orientations. This paper has 
been the basis of many work in the field (see [19, 51, 87]), but only shows the existence of the equilibrium 
configurations, not their stability.
The work done by Cendra, Koon, Lo, Marsden, Ross and Scheeres in [19, 51], is similar to [56], where 
the general problem of two rigid bodies is also studied under the geometric mechanics theory. In [19], the 
problem consists of two free rigid bodies in under mutual gravitational attraction (F2BP) whereas in 
[51] one of the bodies is a massive sphere (SRF2BP). In both papers, the geometric mechanics techniques 
are applied to show different things: in [51] that the equations of motion are variational and to find 
a Poisson structure to write the equations in a Hamiltonian way, and in [19] to find symmetry reduc­
tions. This last paper uses, as well, the energy momentum method to study the stability of equilibrium 
configurations, and gives some first attempts to understand transport theory and lobe dynamics.
In the last years, other papers written by Scheeres, and Scheeres and Bellerose have been published. 
In them, the stability of the equilibrium configurations of the full two body problem is studied under the 
assumption that one of the bodies is a sphere and the other a general body, [72, 74], or a sphere and an 
ellipsoid, [9, 7, 73], or under the assumption that both bodies are non-spherical but restricted to planar 
motion [75]. This group of papers, will be the starting point in our research, in this chapter and the 
following one.
In [72] conditions about stability of relative equilibria for two rigid bodies are explained. Sufficient 
conditions for Hill stability (stability against escape) and instability, and for stability against impact 
have been proved, but nothing about spectral stability. In [73] the problem is restricted to the case of 
an ellipsoid and a sphere and the spectral stability of the relative equilibrium configurations has been 
studied. In [74], there is no restriction to an ellipsoid and the paper deals with the derivation of the 
stability of the relative equilibrium solutions of a sphere and a rigid body. In this paper, Scheeres proves 
that the equilibrium conditions can be reduced to two independent equations. A set of necessary and 
sufficient conditions for equilibrium are stated.
In [9], assuming that one of the bodies is a sphere and the other an homogeneous triaxial ellipsoid, 
conditions for equilibrium configuration and their stability are derived. Fixing a value of the angular 
momentum, the paper describes that a t most two solutions exist for one type of the relative equilibria 
with opposite stability. This paper explores as well, the non-equilibrium problem by looking at periodic 
orbits close to the relative equilibrium conditions as we will do in this chapter. In [7], the periodic orbits 
that arise from the equilibrium points of the sphere-ellipsoid full two body problem are studied.
Finally, in [75] the full two body problem is studied under the assumption that both bodies are 
homogeneous triaxial ellipsoids, restricted to planar motion. In this case, instead of using the close form of 
the potential for an ellipsoid, the author uses the approximation up to second order given by McCullagh’s 
formula with inertia tensors. For this problem, all relative equilibrium configurations are described, as 
well as, their energetic stability and Hill stability properties. The paper applies the developed theory to 
the particular case of two spherical bodies obtained as the limit of a triaxial body when the three axis are 
equal. It is a modification of Kepler’s problem when the rotational moments of inertia of the spheres are
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incorporated into the energy and angular momentum constraints. The paper shows that not all Keplerian 
orbits are energetically stable.
In the first part of this chapter we have summarised the knowledge known about this problem of the 
relative equilibrium configurations, specially following the results developed by Scheeres and Bellerose. 
The main difference with their work is that in the present work we use another normalisation of the 
equations of motion, so our results will depend on different parameters, although they will be equivalent. 
Another difference is that we use an approximation for the potential of the non-spherical body using 
McCullagh’s formula, [75], whereas in the work by Scheeres and Bellerose together they use the close 
expression of the potential of an ellipsoid with elliptic integrals, which are difficult to compute numerically. 
In Scheeres’s work, it is possible to find an extensive work about energetic stability. Hill’s stability and 
stability against escape that we have not included in this chapter, as we have only been interested in 
the spectral stability study, in order to apply it in the following chapter. A similar spectral study (less 
detailed) that the one summarised here can be found in Scheeres work, but small differences can be 
pointed out.
In the second part of the chapter, in section 5.5, we have introduced a small study developed of the 
dynamics of the bodies when they are not in a relative equilibrium configuration, but close to it. The 
approximations developed can be used to understand real binary systems as their relative equilibrium 
configurations are not perfect.
5.2 D efin ition  o f th e  problem
Let’s suppose we have two mutual attracting rigid bodies and that each one rotates about one of its 
principal axes of inertia. To simplify the system, we consider that one is a constant density perfect 
sphere, so it can be reduced to a point mass and its rotational dynamics decoupled from the system. 
Let’s suppose, as well, that the non-spherical rigid body has a symmetry about its equatorial plane, and 
that the point mass is located a t the same plane. This allows us to consider only the planar problem. 
As an additional assumption, we will suppose that the non-spherical body is rotating about the axis 
perpendicular to the plane of motion, which is going to be the shortest principal axis of the non-spherical 
body (this assumption is motivated by real asteroids).
To express the dynamics of the system, a frame of reference centred at the non-spherical body and 
always aligned with its principal axes will be used. Doing this, the attitude of the non-spherical body 
does not have to be taken into account. The x  axis will be in the direction of the principal axis with 
smallest moment of inertia, and the z axis in the direction of the axis with largest moment of inertia. 
W ith this formulation, and because only the planar problem is considered, there are three coordinates: 
X and y  which will be the position of the sphere relative to the center of the non-spherical body and w 
the angular rate of that body and the frame.
Figure 5.1; Coordinates to describe the SRF2BP in a frame always aligned with the non-spherical body 
principal axes. Mi is going to be the spherical body and M 2 the elongated body.
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5.3 K inem atics and dynam ics
5.3.1 Total energy  
Potential energy
As in [75] and as we have done in the case of a non-spherical body rotating and a massless particle in 
chapter 2 , an expression for the potential up to second order in terms of the moments of inertia of the 
bodies is used, McCullagh’s formula. As we are treating the spherical body as a point mass, the rotation 
of the sphere decouples and the expression for the potential reduces to
=  ~ ^ J + y 2 ( ^ + 2 (a:2 + y 2 ) + ! /% » ) ) )  ■ (5-1)
where Ixx and lyy are the inertia moments per unit mass of the elongated body in the x  and y axes. This 
expression for the potential is only valid on the region outside the circle circumscribing the body. The 
dynamics inside the circumscribing sphere are not considered in this chapter.
K inetic energy
The expression for the kinetic energy can be written as
T  = + 1  ((* -  + • (^-2 )
The total energy will then he E  = T  + V  and the Lagrangian L = T  — V .
5.3.2 Equations o f m otion and first integrals
After some algebraic manipulation, the Euler-Lagrange equations of motion can be written as
(5.3)
In order to make the equations dimensionless, some normalisations are introduced, therefore, we define 
a fundamental unit of length and a fundamental unit of time, which are the same used in chapter 3. If 
the moments of inertia are written like
Izz =  1
l y y  —  M 2 B ? a y  > Wfih 1 >  a y  >  a x  >  0 ,
Ixx =  M^R^ax  J
then, it is possible to define the following quantities.
X _ y _ jG (M \- \ - M 2) _ w  j  Ml, y — , n  — \ j  _ o  , t  — Tit, LO — and —
R ’ ^ R ’ V #3 ’ n M l-bM g'
Rewriting the equations using these new variables (without the tildes) we have the following equations:
.. . 2 a: (3x^(1-t-tty — 2oa;)-b 3î/^(l-f 3o;a; — 4o;y)-b 2(a:  ^+  y^)^)
x - 2 y u - y u } - x u j ^  = -^ ------------------------------------ ,  (5.6)
2 (x2  -by^ ) 2
ÿ  +  2 x w + x w - V L S ^  =  +  5%  -  4 a , )  +  3j/^ (l +  a .  -  2ocy)  +  2 { x ^  +  y ^ )  ^
2 (x^ -b 2 / ^ ) 2
. ^  (5.8)
(x^ + 2 / ^ ) 2
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where we have three parameters: the mass parameter u G [0 , 1 ] and «x, %  G [0 , 1 ] the shape parameters. 
The system has two integrals of motion, the total energy and the angular momentum
E  = + ^ u { { x - y u j f +  {y + x u j f ) + V { x , y ) ,
K cv{l + v{x^ +  y^)) +  n{yx -  xy),
(5.9)
(5.10)
where
V{x,y) = -
+
1 + \ + ax Oty x'  ^+  y2 (5.11)
Observing equations (5.6 ),(5.7) and (5.8) it is easy to see that when z/ =  0 the equations of a massless 
point orbiting a non-spherical body with constant rotation, studied in chapter 3, are recovered. Therefore, 
in this chapter only the cases v G (0,1] are considered.
5.3.3 Zero velocity  curves
Combining the total energy and the angular momentum, we can find an expression that it is always sign 
definite,
-  2{E -  V{x,y)){l  + u{x^ -f y^)) =  -u^{ xx  -f- ÿy)^ -  u{x^ + y^) < 0. (5.12)
Hence, making the velocity zero, makes the left hand side of the expression equal to zero, and it is called 
the equation of the zero velocity curves. These curves will determine the regions where the motion is 
possible for particular values of the energy and angular momentum, and will give us information about 
existence and behaviour of relative equilibrium configurations given an energy and an angular momentum.
-  2 {B -  V(x,y))(X + vix"^ +  ÿ")) =  0. (5.13)
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Figure 5.2: Zero velocity curves for =  —0.05 in dimensionless units, for different values of the angular 
momentum squared, given by the color bar. The shape of the non-spherical body (ellipsoid in this 
case) is, on the left hand side, very elongated, ck^  = 0 .1  and ay =  0.9, and, on the right hand side, with 
equatorial plane more circular, ax =  0.4 and ay =  0.6. The mass parameter is u = 0.5 so the bodies have 
the same mass.
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5.4 Equilibrium  points
To find relative equilibrium solutions, we impose in our equations that x  = i/ = ûj = x  = ÿ = 0. From 
equation (5.8), we can see that there are four equilibrium points, two when a; ^  0 and y = 0 which are 
going to be the long axis equilibrium configurations, and two when æ =  0  and y ^ 0  which are going to be 
the short axis equilibrium configurations. Using equations (5.6) and (5.7), we can compute the angular 
rate at each equilibrium. These two relative equilibrium solutions of each axis are symmetric, so from 
now one we will only consider the solutions where a; > 0  and y > 0 .
Linearising the system using the Cartesian coordinates around the long axis equilibrium and around 
the short axis, and using the conservation of angular momentum, we can have a system of equations 
closed in terms of Sx, Sy, 6x  and ôÿ, where Su does not appear.
( 5x f /  0  0  1  0  \ f  Sx
Sy 0  0  0  1 Sy
ÔX o 0  0  6 Sx
\ S y  J 0 c d 0 J \  Sy J
(5.14)
where for the long axis we have
2 w
and for the short axis
d — —2 w,
a — -^{ay — a x ) { l+  yy^)^ 
Vs
b = 2 w,
d =
2 1  -  
1  +
2 oü
1 + uy^'
(5.15)
(5.16)
(5.17)
(5.18)
(5.19)
(5.20)
(5.21)
(5.22)
where (a: ,^ 0 ) and (0 , y^) are the positions of the sphere in the long and short axis equilibria respectively. 
W ith appropriate coordinates the system can be expressed in a Hamiltonian form.
The eigenvalues of the system are
A =  ±
c + db + a ±  y/{c + db + a)^ — 4ac _  
2
=  ±Ai. (5.23)
for i =  1 , 2 .
To simplify the expressions of the coefficients, we will use the following parameters: u ax — ay G 
[—1 , 0 ] and V = 1 + ay — 2 a* E [0 , 2 ] for the long axis equilibrium, and u =  ax — ay G [—1 , 0 ] and 
w = 1 + ax — 2ay G [—1,1] for the short axis one. As the shape parameters have the following restrictions
1. Ox >  0
2 . a y  < 1
3. ay ^  ax
4. Ckx +  Cky > 1
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where the last one comes from the fact that the inequality Ixx +  lyy > Izz has to be satisfied for physical 
bodies. Then, the shape parameters u, v and w satisfy the following restrictions:
• For long axis
1 . V < 1 — u
2 . V > —2 u
3. u < 0
4. U < 1^
• For short axis
1 . w < \ - \ - 2 u
2 . u > w
3. u < 0
4. w >
In figure 5.3 the region of possible shapes for parameters u, u and w is plotted.
w
u=0
u=0
fu=-l+2 ;
v=-2u
v=l-u
iu=l-2’ w=l+2 u
u=w
■1 0
(a) Long axis equilibrium
-1
(b) Short axis equilibrium
Figure 5.3: Region of possible shape parameters when considering the long axis equilibrium configuration 
(left hand side) or the short axis equilibrium configuration (right hand side).
Long axis case
For the long axis case, 5 > 0, c < 0 and d < 0, hence, studying the discriminant of expression (5.23), it 
is possible to see that it is always positive. Then, only two behaviours are possible. If a > 0 we have 
two imaginary eigenvalues and two real (equal, opposite sign), therefore, the system has a saddlex centre 
behaviour and hence, it is unstable. On the other hand, if a < 0 the system has four imaginary eigenvalues 
and therefore, it is spectrally stable as it has a eentrex eentre behaviour.
Then, the long axis equilibrium solution will be stable if and only if a < 0 which corresponds to
Xs > -
I yjv  ( 6  +  3 1/ u +  y 36 +  156 uv +
( 5 . 2 4 )
or to
u —3 5u +  2xs^ 
Xs"^  {Sv — 2 Xs^)
(5.25)
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Studying this equation, the first thing to observe is that when the mass parameter tends to zero the 
distance tends to infinity, which agrees completely with the case of the massless particle orbiting an 
elongated body. Therefore, by adding mass to the sphere it is possible to stabilise the long axis equilibrium 
configuration if the distance is large enough. If the two bodies are close, the behaviour of the long axis 
equilibrium is the same as in the RF2BP case. Another thing that we can observe is that as we increase 
the elongation of the non-spherical body, i.e., increasing the parameter v, the distance required to have 
stability increases as well.
0.2 0.4 0.6 0.8 1
I
0.02 0.04 0.06 0.08 0.1
(a) Xs as a function of u and v (b) Contours of 5.4(a) when u £  (c) Contours of 5.4(a) when p £
(0 .1, 1) (0 , 0 .1)
Figure 5.4; Minimum Xs as a function of u and v to have stability in the long axis equilibrium
0.5
Figure 5.5: Region of stability of the long axis equilibrium when u is larger than the different plots given 
by different shape parameters v.
Due to the fact that the long axis equilibrium always has at least two eigenvalues imaginary, except 
for the case where the two frequencies of the stable equilibrium are resonant, we will always have one or 
two families of periodic orbits emanating from the equilibrium point, one for the unstable case, and two 
for the stable. These periodic orbits and their stable and unstable manifolds, when they exist, will be of
great importance in the formation process of the binary which we study in chapter 8 .
The long axis equilibrium configuration is common in binary asteroids, specially in the NEO’s popu­
lation, where most of the binaries are believed to be tidally locked in this configuration. As examples we
could consider the binaries 1999 KW4 , 1996 FG3 or Didymos, [13].
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S hort axis case
For the short axis case, as the discriminant of the eigenvalues can be negative, the stability depends on 
both the shape parameters, u and w. Hence, studying the coefficients of the linear matrix it is possible to 
see that, for this case, more behaviours of a Hamiltonian system can be possible. To see this, we will study 
when the bifurcations occur. There are bifurcations when o ■ c =  0, when (a +  +  c)^ — 4ac =  0 and when
a +  +  c =  0. These correspond to the bifurcations of a characteristic polynomial p(A) =  +  BA^ +  C
where B =  — (a +  +  c) and C = ac. Isolating the mass parameter from these equation we have:
i^> - Q ^ { 2 y j  -  Sw + 6 u) = f i{ys,u,w),
, y't/3—u—w/2+2/3^y—12uy'  ^— 18wu ,where =  —---------- —f   ------------  and =
B > 0
• C < 0 u > 3 2 y i + 5 w— -2y^- \ -3w
B^ -  4C < 0 < V < u,-1 ^max
2/g / 3—u—w 12— —\ 2uy'  ^— ISwtt
uyl
Therefore, iî u > f 2 {ys,u,w) the short axis equilibrium point is a saddle-centre, with two real and two 
imaginary eigenvalues. If Umin < i/ < i^max the behaviour of the short axis equilibrium point is complex 
unstable with complex eigenvalues, l i  u < f 2 {ysiU,w) and u < f i{ys ,u,w)  and u > Umax or u < Umin 
then the equilibrium point is stable. Finally, if u < f 2 {ys,u,w) and u > fi{ys-,u,w) and u > Umax 
or u < Umin then the equilibrium point is double saddle with four real eigenvalues. In figure 5.6 some 
behaviours are plotted as a function of the distance and mass parameter u for different shapes.
u=-0.05 w=0.05
10 12 14 16 18 20
u=-0.85 w=-0.8
10 12 14 16 18 20
Figure 5.6: Behaviour of the eigenvalues of the short axis equilibrium configuration for some given shapes. 
From left to right and top to bottom the body becomes more elongated. The black line is /g, the red line 
^max and the green line f \ .  Therefore, the brown region is a complex instability region, the dark blue the 
stability region and the fight blue the saddle-centre behaviour region. It is possible to find a tiny region 
where the behaviour is saddle-saddle, in the region near the intersection of the three curves.
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The region where the short axis equilibrium can have a double saddle behaviour is a tiny region, but it 
still exists, which has not been included in the Scheeres and Bellerose analysis. One particular example 
would be the case where u = 0.574, the distance between bodies ps = 2.007 and the shape parameters 
u = —0.5 and w = —0.25, which could correspond to a contact binary as the distance is very short.
U=-0.5 w=-0.25 v=0.574 y =2.007 K^=1.2306
Figure 5.7: Zero velocity curves for the F2BP with system parameters ps =  ±2.007, u = —0.5 and 
w = —0.25, which correspond to an angular momentum of = 1.2306, for different values of the energy. 
For these equilibrium points the behaviour is a saddle-saddle, so very unstable.
As in the long axis case, when the system has imaginary eigenvalues without resonances, there are 
families of periodic orbits emanating from the equilibrium points parametrised by the integrals of motion. 
Although the short axis equilibrium configuration is richer in dynamics than the long axis one, it is 
unknown if it exists in nature as it is not energetically stable, and any dissipation process would have 
changed it [75].
5.5 N on-equilibrium  dynam ics
Many binary asteroids in the NEO’s constellation are believed to be in a long axis relative equilibrium 
configuration as it is energetically stable. However, this equilibrium is not perfect due to irregularities on 
the shape of the bodies, presence of other gravitational forces and also the presence of non-gravitational 
forces such as YORP. In this section, we have considered two different possibilities in order to consider 
the dynamics close to the equilibrium configuration:
1. the spherical body moves in a periodic orbit about the equilibrium, in section 5.5.1,
2 . the spherical body moves like a pendulum (which does not satisfy the equations of motion but it is 
an approximation which has an analytical expression), in section 5.5.2.
Moreover, we have also investigated the case where the spherical body is not a perfect sphere and has a 
much faster rotation which is not decoupled from the system but averaged in section 5.6.
5.5.1 Sym m etric periodic orbits
In this section, we are interested in finding symmetric periodic orbits about the long and short axis 
equilibrium configurations when they exist. These orbits will be used in chapter 6  when we consider 
the dynamics of a massless particle around a binary which is not in perfect equilibrium. For the long 
axis case, at least two of the eigenvalues of the linearised system are imaginary, therefore, we can apply
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the Lyapunov’s theorem that guarantees the existence of families of periodic orbits [60]. When the long 
axis equilibrium is stable, there are four imaginary eigenvalues, so depending on the problem parameters, 
there could be two families of periodic orbits, one called the long period family and the other the short 
period family. On the other hand, the short axis equilibrium can have complex eigenvalues, so periodic 
orbits about the equilibrium do not always exist in this case.
Symmetric periodic orbits with respect to the x  axis are characterised by two orthogonal crossings with 
the X axis. We define a Poincare section as the surface y =  0. In order to find the periodic orbit, we use 
an initial condition of the form (æo, 0,wo, 0, ÿo), which is on the Poincaré surface, and we integrate it until 
it cuts the Poincare section again at the point {x f ,0 ,u j f ,x f ,ÿ f ) .  As we are looking for an orthogonal 
crossing, we will modify the initial condition until Xf is less than a given tolerance.
To modify the initial condition, we will keep the energy and angular momentum fixed, and we will 
modify the x  coordinate using the iterative Newton-Raphson method, until the x  axis is cut orthogonally. 
For each xq, given a value of the energy, E,  and a value of the angular momentum, K,  we have that our 
initial condition will be (xo,0 ,coo,0 ,yo) where
K  ±  xo ^ 2 x iu ^ { E  -  U{x, 0)) +  u{2{E -  U{x, 0)) -  K^)UJQ — -------------------------
yo =
uxq -f 1
K  — w(l +  uxq)
ux
Then, the Newton method says, that the new rco coordinate will be
_  X f
X k + l  — Xk — -QffJ- 
dxk
Once we have computed one orbit, we can compute other orbits of the same family varying the energy 
or the angular momentum value, and iterating the process.
For the short axis case, a similar procedure is done near stable or saddle-centre type equilibrium points, 
but with the symmetry with respect to the y axis.
Although we have not investigated the behaviour of the periodic orbits in this research, we have 
included the mechanism to find them with a particular energy and angular momentum, as we will use 
them in the following chapter.
5.5.2 Pendulum  approxim ation
Near the equilibrium configuration, given the normalised equations of the SRF2BP we will assume that 
the distance between the bodies is fixed and only the angle between the sphere and the x  axis changes, 
r =  {x, y) = (r cos 0 , r sin 0 ).
Using that x  = —0rsin0, ÿ = 0rcos0, x  = —0^rcos0 — sin^ and ÿ  =  —è‘^ rsm.0 + 0rcos0,  and after 
some simplifications, the equations of motion can be written as
+  ta n 0 0 2ujè -F ta n 0 ùj = Fi{r), (5.26)
—0"^  + cot0 0 — 2 u j 0 c o t 0  00 — uj  ^ =  — jp2 (r), (5.27)
w =  sin(2^)(a:2, — Oa,), (5.28)
where Fi{r) = ^ ( 3  cos^ 0{1 + oty -  2o;a;) -F 3 sin^ 0{1 -F So;* -  4o;y) -F 2r^), and F2 {r) =  ^ ( 3  cos^ 0{1 -F
3ay — 4o;x) +  3 sin^ 0{1 + Sax — 2o;y) -F 2r^). Adding equations (5.26) and (5.27) the following expression
is obtained
(tan0 -F cot0){0 -F w) =  Fi{r) — F2 {r) =  ^(ckx — cty). (5.29)
Therefore,
0 ÙJ — sin(20)(o:x — ocy). (5.30)
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E = -0 .05  
v -0 .5  ct =0.1 a,.=0.9
0.5
-0 .5
•1.5
2.5 3.5 4.5
Figure 5.8: Periodic orbits and zero velocity curves near the two long axis equilibrium points with constant 
energy E  = -0.05 for the SRF2BP with problem parameters: u = 0.5, a* =  0.1 and ay = 0.9. The left 
hand side orbit (red) has angular momentum K  =  1.206233808181 (the zero velocity curve for this E  and 
K  is plotted in blue) and the right hand side one (red) has K  =  1.21202310209 (the zero velocity curve 
for this E  and K  is plotted in brown).
w
Figure 5.9: Simplified configuration of the SRF2BP near equilibrium assuming a pendulum’s motion.
Adding the equation for ù  the equations of motion reduce to
ê — sin(2 0 )(o;a; — o^)(l +  f/r^),
3
w =  - ^ s i n { 2 e)u{ax -  ay),
(5.31)
(5.32)
5.5. Non-equilibrium dynamics_______________________________________________________________ 67
and we will write them as
ë = %sin(20), (5.33)
w =  Csin(20), (5.34)
where K  =  -  Oiy){l +  z/r^) <  0 and C = - ^ u ( a x  -  ay) > 0.
Writing ip = 26 equation 5.33 simplifies to
(p — K s m i p  = Q (5.35)
where K  = 2K.  Integrating the following expression
/ {<p — K  sin (p)(pdt = +  K  cos cp + e
we get an expression of the energy of the system and hence ip =  y/2{e -  K cosy?). Then, ^  ^ ^  =
±  ! which can be integrated
y / 2 { e - K  cos tp)
u j { e ) = ± - ^ ^ 2 { 6  + 2Kcos{2d))+ujQ. (5.36)
Assuming that cp «  1 then sin y? % y? and hence the equation (5.35) can be solved and therefore
2
where A  and B  depend on the initial conditions.
Approxim ation close to  the equilibrium point
In this section we want to approximate small oscillations of the sphere around the long axis equilibrium 
point with the pendulum motion. To compare both systems we will integrate the same initial condition 
with both equations of motion, the SRF2BP and the pendulum approximation.
Given a distance r  from the centre of the elongated body, an angle do and an angular rate 6q, using 
the pendulum approximation the position of the sphere as a function of time is
{x, y) =  (r cos 0, r  sin 6 )
where
9{t) = 9o c o s ( V ^ t )  +  s in ( \ /Z ^ t) ,  (5.38)
y —K
and uj{t) satisfies equation (5.34) with some ojq that needs to be determined. In order to integrate the
equations of motion of the SRF2BP we need to compute ujq. We recall that the equations of motion can
be written as
X — 2yuj — yCj — xuP' =  Ux, (5.39)
ÿ +  2xu) +xCj — yuj^ = Uy, (5.40)
where
cos(0) ( 3 (cos(0))^ (1 +  « 2  — 2 a i)  +  3r^ (sin(0))^ (1 +  3o;i — 4 0 :2 ) +
Ux  =  - 1 / 2 ---------
sin(0) (Sr^  (cos(0))^ (1 +  3 ^ 2  — 4 a i)  +3r-^ (sin(^))^ (1 + a i  — 2 a 2 ) +  2r'^)
Uy = - 1 / 2 ------------------------------ 3 ---------------------------- -■
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Then isolating w from equations (5.39) and (5.40) at the initial point {xQ,yo) = (r cos^o,rsin0o)
_ -yo  ±  \/^o -  xo{Ux{xQ,yQ)-\-0jQyQ -  &o) ujQ =  —--------------------------- ,
^  x o ± y / x l ~  yojUyjxo, yp) -  ùjqXq - yg ^2 )
Xp
and it is easy to see that they are equivalent.
Therefore, by using the initial condition
(xp,yp,ujp,xp,ÿp) = {rcosdp,rsmep,oüp,-rèpsmOp,rèpcosOp)
we can compare both problems for different initial choices of r, 6p and ^o- In figure 5.10 we have plotted 
the comparison of both equations of motion for several different initial conditions. Observing the figure, 
it is possible to see that the very simple pendulum approximation does a good job in approximating the 
amplitude of the oscillations around the equilibrium for all the initial conditions, and the bending towards 
the non-spherical body. However, due to the fact that the distance r  is fixed, it cannot reproduce the os­
cillations and change in r. Therefore, the simplified case of the pendulum approximation is useful for very 
small oscillations, where the distance r  barely changes, like it can be observed in figures 5.10(a),5.10(b) 
and 5.10(c) where the difference between the x  and y coordinate is about an order of magnitude.
Approxim ation o f a periodic orbit o f energy E  and angular m om entum  K
Having seen that a very simple pendulum motion can give us information of the sphere’s trajectory close 
to the equilibrium point, in this section we want to find a pendulum’s orbit that can approximate a 
periodic orbit of a fixed energy and angular momentum in an analytical way. In order to do this the 
following steps are carried out.
1. An equilibrium point of the full equations is selected, i.e, the distance Xg is fixed and uj =  
iilF  ( l  +  ^ ( l  +  o ^ y - 2 aa:)));
2. The energy and the angular momentum of the equilibrium point are computed;
3. We perturb slightly the energy keeping the angular momentum fixed to have an orbit close to the 
equilibrium point with the same angular momentum;
4. We compute the periodic orbit following the method explained in section 5.5.1;
5. We recall that 6 {t) =  A cos ( ^ —K ^  -f- B sin  ( ^ —K t ^ . Then, assuming that at f =  0 {xp,yp) =
{ x g ,  0), we have that A =  0 and ( z o ,  Vo) = (0, X g d p )  = (0, B xg V —K),  and hence B  =
6 . Then ÿp has to be selected to approximate the trajectory with the correct energy. Using the 
expression (5.12) we have that 2E = + v{ÿp -f XgUjY -f 2U(a;s, 0), and therefore, isolating ÿp we
have the following expression
(5.43)
In figure 5.11 we plot some periodic orbits with the angular momentum of the equilibrium point and the 
energy slightly modified, together with their corresponding approximation using the pendulum equations. 
Observing the figure it is possible to see that the pendulum approximation approximately predicts the 
amplitude and the bending of the periodic orbit. However, the amplitude tends to be a bit larger than 
the actual orbit. Moreover, the larger the amplitude of the periodic orbit, the larger the error. Other 
initial conditions for the pendulum (position xp) should be investigated to see if the approximation can 
be improved.
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Figure 5.10: Comparison of the motion given by the SRF2BP equation (in black) and the pendulum 
approximation (in red).
The pendulum motion described in this section has not been used further in this thesis. However it 
is a very interesting result as it gives an analytical description of the movement of the sphere when it 
oscillates near the equilibrium configuration. Having an analytical description of the movement is of great 
importance as it allows to find a non-uniform rotating frame of reference that makes the binary system 
fixed and the equations of a massless particle in its vicinity autonomous. This is described in the future
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Figure 5.11: Comparison of the motion given by a periodic orbit of energy E  and angular momentum K  
using the SRF2BP full equations (in black) and the pendulum approximation (in red). Eq and K q stand 
for the energy and angular momentum of the equilibrium point.
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5.6 D ouble full tw o-body problem
In the SRF2BP it has been assumed that one of the bodies is a sphere. Up to now, we have been using this 
restriction and we have analysed the dynamics of equilibrium configurations and the dynamics when the 
bodies are close to equilibrium, using the real equations or the pendulum approximation. As previously 
said, the majority of binaries known approximately satisfy the long axis equilibrium configuration, where 
the small body is assumed to be triaxial and is synchronously rotating, and the large body is assumed 
to be spherical and its rotational motion decoupled. However, among the population of binaries in long 
axis equilibrium configuration, the large asteroid is not perfectly spherical, and, in some cases, it actually 
has a differentiated triaxial shape, as in the case of binary asteroid Ida and Dactyl. Moreover, the large 
asteroids are characterised by a much faster rotation than the small asteroid. In this section, we will 
analyse the equations of motion when the rotation of the large asteroid is not decoupled but averaged 
due to the fast rotation, and how does the long axis equilibrium configuration change in this case. In 
order to do that we will introduce first the equations of motion of the full problem when both bodies are 
not spherical.
5.6.1 Equations o f m otion w hen both  bodies are not spherical
In this section we will summarise the equations of motion derived by Scheeres in [75] for two coplanar 
triaxial bodies that we will need in the following section.
Assume there are two rigid bodies with an assumed symmetry about a common equatorial plane that 
allows us to restrict to planar motion, and that both bodies are rotating about one of their principal 
moments of inertia. In a rotating frame centred at the system’s centre of mass, where the x  axis is the 
vector that joins the centres of mass of both bodies, the variables of the problem are the following: r  the 
distance between the centres of mass, the rotation of each body measured from the x  axis towards 
the longest principal axis, and 6  the rotation rate of the frame. In this frame the potential energy can be 
written as
— 2  (^1. +  — l u )  +  / 2 .  +  h y  -  cos{2(f)2){hy — h ^ ))  1 j (5.44)
where 7* is the matrix of moments of inertia of body i divided by its mass, T r  stands for the trace of the 
matrix and Ii^,Iiy,Ii^ are the principal moments of inertia of body i. The kinetic energy in this frame 
of reference can we written as
T  = +  2 -^ 2^ 02 +  2 ^'^^ +  2 ^^ ^^  + 12^  +  + 12^^2)0, (5.45)
where m  = Therefore, the Lagrangian of the problem is L  = T  — V.  Calling Ô = u), the
coordinates used in the equations of motion will be r,u ;,^ i and 0 2 - W ith them, the following Euler- 
Lagrange equations of motion can be derived.
=  -  1 +
m dr
mr"  ^\  1  d V  1 dV
J  d ( f ) i  m r ^  d (j)2
(5.46)
rw
V ’ (5.47)
rw
V ’ (5.48)
(5.49)
h z  J  94>2 m r"^ d ^ i  
w -  J - — +  — — - 2 —
d(j)\ d(j>2 r
It is easy to show that this system has two integrals of motion, the total energy E  = T  + V  and the 
angular momentum 77 =  |^ .
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Figure 5.12; Physical description of the system of two rigid bodies rotating in the double F2BP.
In [75] the relative equilibrium points and their stability are studied. It is shown that the relative 
equilibrium points satisfy that =  0 ,± 7r / 2 , 7r, which means that the bodies principal axes are aligned. 
The angular rate at equilibrium has the following expression
^  ~  2 ^  ~ I^y) +  2^^  +  h y  ±  {h^ -  h y ) ,  ) I
(5.50)
where there are four possible values depending on the orientation of the bodies: long xis-long axis, long 
axis-short axis, short axis-long axis and short axis-short axis.
Up to now, hundreds of binary asteroids have been discovered, however, very few of them have both 
bodies synchronously rotating in this equilibrium configuration. Apart from the case of Pluto-Charon only 
the binaries (90) Antiope, (617) Patroclus and (69230) Hermes have this behaviour, [25]. The common 
characteristic in these systems is that the components of the binary are of similar size.
2 _  G{Mi  -F M 2)
5.6.2 Equations o f m otion averaged
As previously mentioned, in the majority of binaries, only the smallest component is synchronously 
rotating, whereas the other one has a much faster rotation. When the shape of the largest component 
is approximately spherical the SRF2BP can model with great accuracy the behaviour of the asteroid, 
but what happens when the shape cannot be approximated by a sphere? In this section we will use the 
equations of motion derived by Scheeres and we will average the rotation of the fastest component of the 
binary. The aim is to understand what happens to the relative equilibrium configurations of the SRF2BP 
and if this averaged model can be used to explain the motion of binaries with only one of the components 
tidally locked.
Suppose that is much faster than 0 2  and that Mi »  M 2 , then, the rotation of Mi  will not be very 
affected by the rotation of M2 . Therefore, we can average the Lagrangian L  over <pi and consider 0i as a 
constant. By doing this we are implicitly assuming that Ii^ = even though it might not be the case. 
The reason why we can make this assumption is that as 0i is fast, the secondary body will see the primary 
body as axisymmetric. Then, if 0 =  0 2 , [V] =  — V(r, 0 i,0 )d 0  and [T] =  M  T(r, 0i, 0)d0 we 
have the following expressions for the averaged potential and kinetic energy
[U (r,0 )] =  - GM 1M 2 1 +
2 r 2 ^ { h x  +  hy + cos(2 0 )(/2  ^ -  l 2y))
and
[T] = \ h Â ^  +  ]^rnr^ +  ^(A . +  h .  +  rnr'^)d^ +  ( / i , 0 i +  h,4>)6- 
Then, the equations of motion can be simplified and have the following expression
2 1 d[V]r  =  rcu
' +  Û! =
m dr
1 d[V]
I 2 .  ’
m
d(j)
(5.51)
(5.52)
(5.53)
(5.54)
(5.55)
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As in the full equations, the relative equilibrium configurations will happen when 0 =  0, ± 7t / 2 , tt and the 
corresponding angular rate will be
^  -  l u  +  T r { h )  -  -  ( /2 x +  hy  ±  {h^ ~  • (5.56)
2 G{Mi  +  M 2)
^  -  ^ 3
5.6.3 Com parison
In order to compare the SRF2BP and the double F2BP with the full equations and the averaged equations, 
we will use normalised variables. The fundamental unit of length and the fundamental unit of time used 
will be the same ones as when the SRF2BP equations were normalised but for the largest mass, i.e.,
f  =  ^ ,  w == ^  and t  = nt  where I\^ = M\R^  and n =  Then, we will use the following
parameters ai  =  A  =  =  ; ^  and 7  =
The main belt binary Ida and Dactyl is famous as it was the first binary ever discovered. The system 
is characterised by a large primary body of mass 4.2 ■ 10^ ® kg with dimension 53.6 x 24 x 15.2 km and 
rotation period of 4.633632 h, and a small secondary body of dimensions 1.6 x 1.4 x 1.2 km orbital period 
of 1.54 days and semi-major axis of 108 km. Dactyl is believed to be synchronously rotating with its 
longest axis always pointing in the direction of Ida. Assuming that Ida is a sphere then Dactyl is in a long 
axis equilibrium configuration. However, Ida has a very elongated shape to be considered a sphere unless 
its rotation is very fast compared to Dactyl’s orbit where we can assume the Ida is axisymmetric. Using 
the example of Ida and Dactyl we want to compute the long axis equilibrium configuration of Ida and 
the equilibrium point using the averaged equations, and compare both results with the full non averaged 
equations.
Assuming that Ida and Dactyl have the same density we can approximate the mass of Dactyl as 
3.04 • 10^^%. Then the mass parameter u is u = m ^ M 2 ~  7.1853 • 10” ^. As R  = 13.13194578 km, 
7  =  0.001310539 and the shape parameters are a\  = 0.234, /?i =  0.899981443, 0 2  =  0.752212956 and 
P2 = 0.884955752.
Considering the long axis equilibrium configuration of the SRF2BP and the radius of the orbit (assum­
ing a sphere) is 108 km in the non dimensional coordinates is r  =  8.185180307 and the angular velocity 
of the frame is
=  ^  ( 1  +  ^ ( 1  +  ay -  2 a S ^  = 0.001797714741. (5.57)
where ay =  / ? 2 7  and a® =  0 :2 7 - Then, the orbital period would be T  =  ^  =  1.541539575 days. 
Considering the averaged equations
^  ^1 +  ^ ( 1  -  ou +  7(14- ^ 2  -  2% ))^ =  0.001828253167. (5.58)
Then, the orbital period would be T  =  ^  =  1.528610722 days. Integrating the full equations of motion 
with initial condition the equilibrium point of the averaged equations and 0 i equal to the normalised rota- 
tion of Ida minus the equilibrium rotation of the averaged equations, i.e., 0.3385359318—\/0.001828253167 
we obtain w as a function of time, plotted in figure 5.13(a).
Observing figure 5.13 we can see that although with the double F2BP equations of motion the system 
Ida and Dactyl is not in equilibrium it just performs small oscillations and therefore, the angular rate of 
the frame and the distance between bodies remain fairly constant. By averaging the equations we have 
assumed that Ida is an axisymmetric body which is a better approximation than assuming that Ida is a 
sphere. However, as the rotation of Ida is approximately 8  times faster than the rotation of Dactyl the 
all results are very similar.
5.7 Conclusions
In this chapter we have studied the problem of two rigid bodies orbiting each other when both bodies 
have mass. When considering that one of the bodies is a sphere we have summarised the knowledge
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Figure 5.13: Angular velocity of the frame u) and distance r between Ida and Dactyl when the equations 
of motion considered are the full equations. In red we have shown the values of the averaged equations.
of the relative equilibrium points known in the literature and we have added the possible saddle-saddle 
behaviour which had not been mentioned. We have also studied the non-equilibrium dynamics, where 
I,he spherical body moves close to the equilibrium configuration. For this case we have given the tools 
(,hat allow to find symmetric periodic orbits with a fixed energy and angular momentum that we will 
use in the following chapter. As the non-equilibrium dynamics are complicated and we cannot solve the 
problem analytically we have studied the possibility of approximating the motion of the sphere with a 
linearised pendulum. Although this is a very simple approximation it encapsulates information of the 
trajectory of the sphere such as its amplitude, and it can be used in the future as an approximation of 
the underlying dynamics when we consider a massless particle in the vicinity of the binary body. Finally, 
motivated by real binary systems where we cannot consider that any of the components is spherical, but 
there is a different time scale in the rotations of each component, we have investigated the possibility 
of considering the full equations of motion, what we have called the double full two body problem, and 
averaging them. By doing that we get a good approximation of the relative equilibrium point that differs 
slightly from the SRF2BP equilibrium point, and that approximately encapsulates the information given 
by the full equations.
The dynamics of two rigid bodies orbiting each other with the sphere restriction will be used in the 
following chapter as underlying dynamics. In there we will consider the motion of a massless particle in 
the vicinity of the binary, when the components of the binary are in equilibrium and when the sphere 
performs periodic orbits around the equilibrium.
6. D ynam ics of the R estricted Full 
Three B ody Problem
6.1 Introduction
In this chapter the dynamics of massless particles under the influence of two primaries are studied, where 
one of the primaries is not spherical. Two different problems have been considered: a) the case where the 
two primaries are in a relative equilibrium configuration of the F2BP and b) when the spherical primary 
is in a periodic orbit around a relative equilibrium configuration. For both cases, it is assumed that the 
non-spherical body’s potential is described by MacCuIlagh’s formula outside of the circumscribing sphere. 
Inside the circumscribing sphere the dynamics are not considered.
When the primaries are in a relative equilibrium configuration of the F2BP, the problem resembles 
the well known Restricted Three Body Problem (RTBP). This model which describes the movement of a 
massless particle under the influence of two spherical massive bodies following co-planar circular orbits, 
has been studied since the time of Euler and Lagrange [8 6 ]. As in the case of the two body problem, 
many modifications have been introduced to have more realistic models. In order to study the dynamics 
of the massless particle when the primaries are not point masses but have shape, many approaches have 
been considered in the literature.
First of all, there have been many papers published about location and stability of equilibrium points 
and behaviour of periodic orbits when at least one of the primaries is not a point mass, but has a triaxial 
shape, [45, 48, 84]. In these papers, the primaries are considered to move in circular orbits about their 
common centre of mass without taking into account the non-spherical shape of the bodies. Therefore, 
the effect of the shape only affects the dynamics of the massless particle. Results about existence and 
regions of stability for libration points, and libration point periodic orbits have been found. The problem 
of this approach is that due to the non-spherical shape, the dynamics of the primaries, should be affected, 
hence, unless they are in an equilibrium configuration, their mutual distance and attitude should change 
with time.
In the last years, several papers by Scheeres et al. have been published about what it has been called 
the restricted full three body problem (RF3BP), which is the study of the dynamics of a massless particle 
in the vicinity of two massive bodies, with underlying dynamics the full two body problem (F2BP). As 
explained in the previous chapter, the F2BP theory takes into account the coupling between rotation 
and translation of the primaries that lacks in the papers presented in the previous paragraph. Unless 
the primaries are in a relative equilibrium configuration, the equations for the massless particle are non- 
autonomous, as the gravitational potential depends on time, due to the fact that the position of the 
sphere changes with time. This is the approach we have used in the present chapter.
First of all, the paper written by Scheeres and Augenstein in 2003 should be mentioned, [4]. In this 
paper, the authors introduce different models to describe the environment near a binary asteroid, i.e., 
different mathematical models to describe the dynamics of a massless particle. The models used are: the 
RF3BP and the restricted full Hill 4 body problem. In the restricted full Hill 4 body problem, the massless 
particle is attracted by three massive bodies, the two components of the binary asteroid and the Sun, and 
the dynamics are described under Hill’s assumption: two of the bodies are close to each other, which in 
this case, the two bodies are the binary. Moreover, this model also takes into account the non-spherical 
shape of one of the bodies. This paper compares results of these models with the classical RTBP and
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the restricted Hill’s problem of 3 and 4 bodies, when all the bodies are point masses, concluding about 
differences on the stability of equilibrium points.
In the papers written by Gabern, Koon and Marsden, [33, 34], they consider a modification of the 
RTBP when one of the primaries is not a point mass any more, but an extended rigid body, and when 
the effect of orbiting the Sun is also considered. To describe the potential of the elongated body, they 
use an approximation given by the gravitational potential of three rigidly connected masses, which is 
similar to some approximations explained in chapter 3, and similar to the models that we will use in 
chapter 7 and chapter 8 . Supposing that the primaries are in a relative equilibrium configuration, they 
use stable regions near the perturbed triangular libration points and approximation to a normal form for 
the Hamiltonian, to construct stable periodic and quasi-periodic orbits about the triangular Lagrange 
points.
Following the direction of the study that Scheeres and Bellerose developed in the F2BP theory, using 
a sphere and an ellipsoid, some other papers have been published studying the dynamics of adding a 
massless particle in the vicinity of the mentioned system. In 2006, Scheeres and Bellerose, [8 ], derived 
the equations of motion for the particle and found five Lagrange points, of which they analysed the 
stability of the triangular ones and compared them with the equilateral solutions of the RTBP. In the 
paper, the close form for the gravitational potential of the ellipsoid is used. Due to the non-spherical 
shape of one of the primaries, the location and stability of the Lagrange points changes compared to 
the RTBP. In their study, regions for stability where found for different relative equilibrium solutions for 
the primaries. These regions where then compared with the stability regions for the RTBP, changing the 
system parameters, which are the distance between the primaries, the semi-major axes of the ellipsoid and 
the mass parameter. Although this paper has a detailed study of the Lagrange points stability, it does 
not have a study of the change of their behaviour depending on the relative equilibrium of the primaries, 
topic that we have extensively developed in this chapter.
In [35], a similar study to the previous paper of the Lagrange equilibrium points is done, assuming, 
as well, that the sphere-ellipsoid system is in relative equilibrium. First of all, using geometric mechanic 
technics they study the behaviour of the two primaries. Later on, assuming that they are in one of 
the relative equilibrium configurations, and by using the numerical techniques of frequency analysis, the 
authors, Gabern, Koon, Marsden and Scheeres, study the global dynamics near the Lagrange points, 
identifying almost invariant tori. Finally, this paper gives a comparison between the global stability 
region near libration points between the RF3BP and the RTBP.
Finally, in the case where the two primaries are in equilibrium, the paper written by Bellerose and 
Scheeres, [11], focuses the attention to transit and non-transit trajectories between the primaries, where 
transit trajectories refer to the trajectories that allow the massless particle to go from the vicinity of one 
body to the vicinity of the other one. A particular case is studied when one of the collinear Lagrange 
points sits on the surface of the ellipsoid. Then, all the theory developed is applied to the real model of 
the binary asteroid 1999 KW4 . For this real case, they found that theory meets reality as this binary 
asteroid can be modelled using the RF3BP and the bodies are approximately in a relative equilibrium 
configuration.
In this thesis, our main contribution to the knowledge to the state of the art of the equilibrium points 
stability in the RF3BP would be the difference in behaviour of these equilibrium points depending on 
the type of equilibria of the primaries, and the system parameters. This topic will be developed further 
in this chapter All the papers explained that deal with Lagrange points when the primaries follow the 
F2BP dynamics have not completed this study properly.
Much work has done in the case where the primaries are in relative equilibrium, but some work has 
been done, as well, for the asynchronous case. For example, the work done by Bellerose and Scheeres 
in [10, 12]. In these papers, the binary system considered is in a non-synchronous configuration where 
the ellipsoid spins about its maximum moment of inertia while being in mutual orbit about the sphere. 
In [10], an approximation method was derived to compute periodic orbits near relative equilibria for the 
F2BP. Then, the periodic dynamics are substituted in the RF3BP, to investigate the new behaviour of 
the Lagrange equilibrium points. In [12], the gravitational potential of the ellipsoid is expanded in terms 
of spherical harmonics. In this paper, periodic motions of the primaries are considered as well.
Finally, all the work done by Scheeres and Bellerose together is explained in detail in the PhD. thesis 
of Julie Bellerose, [14].
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6.2 D efin ition  of the problem
Assume that we have a spherical body (point mass) and an elongated body following the dynamics of the 
Planar Pull Two Body Problem, defined in chapter 5. And suppose now, that we have a massless particle 
near the two bodies (that we call primaries) that does not affect their dynamics but it is affected by 
them. Normalising the distances as we did before, and using a frame of reference centred at the elongated 
body’s centre of mass and always aligned with its principal axes, the equation of motion for this massless 
particle at each step of integration of the equations of the primaries is
P e  +  2w X P e  +  W X P e  4 - W  X (w X Pe) (6 .1)
where r  =  (æ ,^ 0 ) is the position of the sphere with respect to the centre of mass of the body, pe =
{x,y,z)  the position of the particle with respect to the centre of mass of the body, w =  (0 , 0 , cu) the 
angular velocity of the elongated body and the frame, and
V'(Pe)
\Pe
the potential of the system where 
1
1 +
y j V 2(a;2 T
+  ( 1  -  i/)t/(pe), (6 .2)
x^ +y-^ + z"
(6.3)
is the potential due to the elongated body. This is a non-autonomous system as the potential depends 
on time.
&.e
Figure 6.1: Frame of reference used in the RF3BP.
6.3 The R F 3B P  w hen prim aries are in equilibrium
If the primaries are in an equilibrium configuration (the sphere is aligned with one of the principal 
moments of inertia of the elongated body) the problem simplifies as the potential V  will not depend on 
time. Moreover, the angular velocity of the body will be constant and it will only depend on the distance 
between the two bodies, the type of equilibrium configuration and the shape of the non-spherical body. 
The equation of motion for the massless particle will reduce to
Pe +  2w X Pe W X (w X Pe) — ^  h (6.4)
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where now r = {xg, 0 , 0 ) for the long axis equilibrium configuration or r =  (0 , ?/s, 0 ) for the short axis one. 
When the two primaries are in equilibrium, the system has an integral of motion, the Jacobi constant.
(6.5)
where V{x, y, z) = V (x, y, z) +  \oJ^{x^ +  y^) — uuP‘r f{x,  y) and f {x,  y) = x  for the long axis equilibrium 
or f {x,  y) = y  for the short axis one.
6.3.1 Equilibrium points
Primaries in long axis equilibrium configuration
In this case, the system resembles the RTBP, and, in the same way, there are five Lagrange equilibrium 
points: three called collinear, Li, L2 , Lg, which are aligned with the primaries, and two that form a 
triangle with the masses, L4  and L5 , which are symmetric with respect to the y axis. The location and 
stability of these equilibrium points differs from the location of the RTBP ones due to the non-spherical 
shape of the elongated body. The three collinear points are unstable, with a saddle-centre behaviour, and 
the triangular ones can have different behaviours depending on the system parameters (see the following 
sections for a proof of stability). These 5 equilibrium points were studied and analysed by Scheeres and 
Bellerose in the papers mentioned.
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Figure 6.2: Zero velocity curves for different values of the Jacobi constant given by the colorbar, for the 
system with parameters of the binary 1999 KW4  and the binary (90) Antiope.
Primaries in short axis equilibrium configuration
When the primaries are in short axis equilibrium configuration, some equilibrium points appear, but 
this time, not only the location and stability is different compared to the RTBP, but also the number 
of equilibrium points: there are three collinear points with the masses, and two or four triangular ones, 
depending on the stability of the collinear points.
The behaviour of the collinear points Li and Lg, which are the ones on both sides of the spherical body, 
is the same as in the long axis case, saddle-centre behaviour. On the other hand, the behaviour of Lg, 
which is the collinear point on the outer side of the elongated body, depends on the system parameters. 
When Lg has a saddle-centre behaviour, the problem is similar to the long axis case, so there are only 
five Lagrange points, the three collinear and the two symmetric points with respect to the y axis, L4  and
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L 5 . When L 3  is stable or complex unstable two other unstable Lagrange points appear, Le and L 7 . In 
both cases, the stability of L4  and L5 depends on the system parameters.
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Figure 6.3: Zero velocity curves for different values of the Jacobi constant given by the colorbar, for two 
different systems given by the parameters u, w, v and . On the left hand side there are five equilibrium 
Lagrange points, whereas on the right hand side there are seven.
6.3.2 Study of the stability  o f th e collinear Lagrange points
In the RTBP, the collinear Lagrange points have a saddle-centre behaviour (see [8 6 ]), so, in this problem, 
when the bodies tend to be spherical the behaviour of the collinear points will tend to be the same. In 
order to study the stability of the collinear Lagrange points, we will try to find if there is a bifurcation 
from having a saddle-centre behaviour to having a centre-centre, focus-focus or saddle-saddle behaviour. 
This bifurcation occurs when the intercept of the characteristic polynomial, which is p(A) =  -f A \^  + B  
goes from having B < 0 to B > 0. Then, the bifurcation occurs when B =  0.
Long a x i s  c a s e
For the long axis case, there are three equations which have to be considered: the equation for the 
primaries to be in equilibrium, (6 .6 ), the equation of the location of the collinear Lagrange points, (6.7), 
and the bifurcation equation, (6 .8 ), which corresponds to the equation J- Vyy =  0 ,
UJ =
Up{x -  VXs)
2 x 1 +
u{x — Xs) (1 -  u)x
\X -  Xs
u
\x -  Xs
+
+ (1 u) f  J2. 3X -\- -{v  -  2 u)
(6 .6)
(6.7)
(6 .8)
where for Li a; > 0  and a: < Xg, for L2 x > 0  and x > x@ and for L3  x < 0 .
For each of the collinear Lagrange points, it is possible to find an expression of the shape parameters u 
and u as a function of the position of the Lagrange point x, the distance between the primaries Xg and the 
mass parameter u. Analysing these expressions we will be able to see that the parametric function {u, v) 
does not intersect the triangle of possible shapes plotted in figure 5.3. Hence, for the collinear Lagrange 
points, a bifurcation cannot occur, and therefore, they always have a saddle-centre behaviour like in the 
RTBP.
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Li:
_  1  UX^Xs 3Xg +  2 x^ — XsX^ +  XgX . ,
3 (x — Xg)2 (—XgX^  +  — xf ’
_  2 2 2 +  2XgX^+XgX^ — 2XgX +  Xg)!/+  X® — 2XgX'^  +  XgX^  — XgX^  +  2XgX — Xg
3^ "®^  ((—XgX"^+x®)i/ + x ^  — xf)(x — Xg) 2
(6 .1 0 )
u and V have a vertical asymptote in i/ =  > 1.
For 1/ € (0,1) the denominator has always the same sign. Then, analysing u, it is possible to see that 
u > 0. For z/ 7  ^ 0,1 it is impossible to have marginal stability. If z/ =  0 we have the case u =  0, n =  0, 
which corresponds the RTBP, that does not have any bifurcation. If z/ =  1, u > 0. Hence, u  and v never 
intersect the triangle, and therefore, there is no bifurcation for the Lagrange point L i.
L 2 :
_  1  z/x^ Xg 2 Xg +  3x^ +  XgX^  — XgX ('fill'I
^  3 (x — Xg)2 (—XgX^+xf)z/+ x^ -  x | ’
_  2 2 2 (—a:gX^  +  2xgX  ^— XgX^  — 2XgX +  Xg)z/ +  x^ — 2xgX  ^+  XgX^  — XgX^  +  2XgX — Xg
^ 3^®^ ((-XgX^+x®)z/+ x® -  xf)(x -  Xg) 2
(6 .1 2 )
u and V have a vertical asymptote in 1/  = ^  1 -
For u G (0,1) the denominator has always the same sign which is positive. Then, u > 0. For z/ ^  0,1 
it is impossible to have marginal stability. If z/ =  0, u < 0. If z/ =  1 then we have u > 0. Then, u and v 
never intersect the triangle, so there is no bifurcation for the Lagrange point L2 .
L 3 :
_  1  z/x^Xg 3Xg +  3x^ -  2 xgX  ^— 2 XgX . ,
^  3 (x  —Xg)3 (xgx'^+xf)z/— X® — xf ’
_  2  2 2 — 2 XgX^  +  XgX^  — 2 XgX +  Xg)z/— x^ +  2 xgX  ^— XgX^  — XgX^  +  2 XgX — Xg
3^®^ ((-XgX^ -  x5)z/ +  x® +xf)(x -  Xg) 2
(6.14)
u and V have a vertical asymptote in u — • Then, if 1/ > , u < 0 but u <  0, whereasXgX ~Y'XQ XqX "i 3/g
ii V < ^ ^  Hence, it is impossible to have marginal stability. The coefficient B  of the
characteristic polynomial always has the same sign, which is negative.
Short axis case
For the short axis case, there are, as well, three equations which have to be considered; the equation for 
the primaries to be in equilibrium, (6.15), the equation for the position of the collinear Lagrange points, 
(6.16), and the bifurcation equation, (6.17), which, in this case, corresponds to +  14a; =  0,
(6.15)
=
\ y -Vs\^
where for Li y > 0  and y < y^, for L2 y > 0  and y > y s  and for L3  y < 0
+   ^ | ^ | 5   ^ (y^ +  -(w  +  2u)^ , (6.17)
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As it has been said before, the short axis equilibrium configuration is less similar to the RTBP compared 
to the long axis case, and in this case, one of the collinear Lagrange points can have a different behaviour, 
as seen in figure 6.3. For the three collinear points, it is possible to find an expression of the shape 
parameters u and w as a function of the position of the Lagrange point y, the distance between the 
primaries ys and the mass parameter u. Analysing these expressions we will be able to see that the 
parametric function (u, w) does not intersect the triangle of possible shapes plotted in figure 5.3, for the 
case of Li and L2 . Hence, for these collinear Lagrange points, a bifurcation cannot occur, and therefore, 
they always have a saddle-centre behaviour. On the other hand, we will be able to see that for Lg, the 
function (u, w) does, indeed, intersect the triangle, so different behaviours can be found.
To prove that Li and L2 are unstable we have to show that u and w do not intersect the triangle of 
possible shapes. This is done by observing that when u < 0, w 0 [—1,1], which makes it impossible to 
have any bifurcation.
But let’s study Lg in detail. The parametric equations u and w are
-  21/^ 7/1
w = -
3 (y -  ysY  (y^y^ +  yf )v  - y ^  - y l
2  y W  n(W
3 (y -  VsY 7-2 (1/) '
(6.18)
(6.19)
where
ri{u)
r 2 (f/)
2„, 3(y«y - ‘^VsV +Vsy -  2y^y + y j^ /+  ( - y  -\-2 ysy - y ^ y y^y^ +  27/^ 7/ ys
(6 .20)
-(y^y^  T y f ) ^  +  y^ +  yf- (6 .21)
are linear functions oi u. In this case, we can have intersections between these functions and the triangle 
of possible shapes, as shown in figure 6.4. Therefore, it is possible to find values of the parameters that 
make Lg marginally stable.
1- 0.6 - 0.2- 1.0 '
-0.5
- 1.0 -“
Figure 6.4: Intersection of parametric curves (tx, w ) for y® =  5 and y =  —4.95, —4.9, , —4.55, form right
to left respectively, with the triangle of possible shapes for Lg.
Now, knowing that some intersections can occur between the parametric curves and the triangle, it 
would be interesting to know in which region of the system parameters is this phenomenon possible. To
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do that, we will analyse what happens at the edges of the triangle, u = 0 , w = 2 u + 1 and u = w, hy 
expressing the mass parameter as a function of the distance between the primaries and the location of 
the Lagrange points. Hence, we will have three restrictions given by the inequalities, plus the restriction 
z/e [0 , 1 ],
u < 0  <;=> z/< i/i(y,ys)
w < 2 it +  1  <=> f/ < z/2 (%/,%/g)
w > u <=> u > 1/3 (2/, Vs)  =: 2-
^ p { y , y s )  
g(y,ya)'
-y ^  +  3 y^ys ~  3 +  3y /y^  -  3 y /y  +  y^^
-9y^ys^ -  3y® +  Sy^^y^ +  Gy^^y  ^ -  6 y«^y +  2ys^ '
where
(6 .22)
( 6 . 2 3 )
( 6 . 2 4 )
y(y,ya) =  (-2ys^ -3 )y®  +  (9yg +  6 y / ) y ^  +  ( - 6 ? // -  9y«^) /  +  3 ? / / 2/® +  6 y / y ^ +
(—3 ys^ — 6  y j ^  y^ +  (9 ys® +  2 y^^) y^ — 9 ys^y +  3 y^^, 
g(y, ys) — — 6  yé^y^ +  y@ ( 2  ys^ — 3) y^ +  ys (9ys +  10 yg®) y® +  yg (—9 yg  ^— 12 yg^) y® +
+yg (3 yg® +  6  yg®) y^ +  yg ( - 6  yg® -  3 yg^) y® +  yg ( 2  y«  ^+  9 yg®) y ^ - 9  yg'^ y +  3 yg®.
Hence, a necessary condition for marginal stability is that 1/3 < min(z/i, 1/2 )- Studying the expressions of 
f/;(y, yg) we can see that u\ > z/ 3  always and vi =  z/ 3  <=> y =  — yg 2/ =  0 , and that u\ > 1/2 always 
with u\ =  2/2 <=> y =  — yg 2/ =  0. Then, we only need to worry about 2/3 <  1/2 .
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Figure 6.5: Contour plot of 2/2 —2/3 . The different colours belong to 0,0.001,0.005,0.01,0.02,0.03,0.04,0.05 
starting from light blue to dark blue.
Observing the plot 6.5, it is possible to see the region where marginal stability for L3 can occur. 
Basically, we can distinguish in it three different regions. First of all, the region where the two bodies 
are close to each other, which is the edge of the triangle shape. Secondly, the region where y ~  y^  
which means that the non-spherical body is massive compared to the sphere. In this region, the system 
resembles the restricted full two body problem, and the equilibrium points aligned with the middle axis
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where stable or complex unstable for that problem. Finally, we can observe a top thick region where the 
distance of the Lagrange point y  is small, which means that the spherical body is more massive than the 
elongated body. For this last region, studying the shape parameters w, w for these values of y, ys and v, 
we can observe that the elongation of the non-spherical body has to be large.
Fundamentally, being able to have the collinear Lagrange point Lg with possible behaviours will allow 
us to stabilise and destabilise it by adding or subtracting mass, or by increasing or decreasing the rotation 
of the elongated body, once the shape parameters have been fixed. This could be used to propose some 
theories about formation of binary systems. Moreover, this different behaviour of the Lagrange point Lg 
has not been mentioned in literature before.
6.3.3 Study o f th e  stability  o f th e triangular Lagrange points
To study the stability of the triangular Lagrange points we will express the coefficients of the characteristic 
polynomial in the following way,
A  = (6.25)
UF UP
V x x  +  . ^ x x ^ v v  ~  ^ x u  - . V 4- . D
U)^  W W
then, the characteristic polynomial can be written in a simplified form
^  (6.26)
(6.27)
This way is suitable to compare the frequency of oscillation around Lagrange points when it exists with 
the one of the elongated body, which will be done in section 6.4.2.
L ong a x i s  c a s e
For the long axis case, the expressions of the second derivatives of the potential are the following,
y   _________ ^ I 3i/(æ -  X s f  , .
((a; -  æs) 2 - 1- y2 )3 / 2  ((a; _  a:g) 2  +  y2 )5 / 2
— 2 2^ )2 4 - y2 )^9 / 2  +  3y^(5'uTr) +  3x^y^{—3v — 30w)T
T2(æ^ T  y^)^ -  Qx‘^ {x‘^ T  y ^ f ) ,
((rc -  Tg)2 T  y^f^^ {{x -  Xs)^ T  y^Ÿ^^ ^
~ 2{x^ T  {3x'^{—2u T  r ) T  3y^(—12« — 4 r) T  3x^y^{21u — 3 r )T
+2(x^ T  y^)® -  6y^(æ^ T  y ^ )^ ),
"Krw =  ((a. +  2(^2 +"^l^ )9/2 ~  +  3y^(25u T  5r) T  6(æ^ T  y^)^) (6 .30)
In the RTBP the position of L4  and L5 is fixed and their behaviour only depends on the mass parameter. 
If the mass parameter is below the Routh critical mass^, then, the equilateral Lagrange points are stable, 
and they are complex unstable otherwise. Hence, they experience a Hamiltonian-Hopf bifurcation. In the 
RF3BP when the primaries are in long axis, the behaviour of the triangular Lagrange points should be 
similar, specially when the shape parameters tend to zero, which means that the elongated body tends
— 5 ~  ^I f )  ~  0.03852...
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Figure 6 .6 : Behaviour of Lagrange point Lg of the short axis equilibrium configuration for different shape 
parameters u and w, going from a very spherical body to a very elongated body, from left to right and 
top to bottom. The brown colour is complex instability behaviour, dark blue is stability and light blue 
saddle-centre behaviour. The white region corresponds to the case where Lg is inside the elongated body, 
for which our equations are not valid.
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to be spherical. But, in our case, due to the non-spherical shape, the stability of the points will depend, 
as well, on the other parameters of the system.
For the triangular Lagrange points, the expressions of the coefficients A  and B  of the characteristic 
polynomial are lengthy and complicated, so it is not useful to work with them. Therefore, to study the 
behaviour of these Lagrange points, we will do it for some particular fixed shapes, and for the extreme 
cases of Ï/ =  0 and i/ =  1 as well, and we will extract from there some conclusions. The shapes that we 
will use will be the vertices of the triangle of possible shapes plotted in figure 5.3.
•  i/  =  0
When the mass parameter vanishes, it means that we have a massive elongated body and a massless 
sphere. In this case, we recover the problem of a point mass orbiting an elongated body, so the 
stability of L4  and L5 for the long axis equilibrium is the same as the stability of the short axis 
configuration of the RF2BP.
•  u  — 1
When all the mass is concentrated on the sphere, observing the potential we see that the problem 
does not depend on the parameter w, but the other shape parameter, u, still appears in the frequency 
of oscillation,
.2 1 . 3
The triangular Lagrange points are solutions of the equation
1
{{x -  XsY  +  y2 )3 / 2  
The expressions for F+ and D  are the following
(6.31)
Then,
A  — 2  ^ — 2 — 1  — 1 , (6.34)
B  — 1 H— ^  H— j  — 1  -(-1 — 2 — 0 (6.35)
A ^ - A B  > 0 (6.36)
which means that when the mass of the elongated body is negligible the equilateral Lagrange points 
have always two 0  eigenvalues and two imaginary.
• The vertices of the triangle
u  =  V =  0, tw o spheres: When w =  n =  0 we should recover the equations for RTBP for the
ircs and y = ^massless particle. The position of L4  is fixed: x  =  ^Xg X g ,  and does not depend on v.
We have
up = — , V+ =  — , D = - ^ ( 2 7 z / ^  -  27i/ +  8 ), A = 1 . (6.37)
When !/ 0,1 there is no bifurcation between positive and negative eigenvalues. The characteristic
polynomial in this case is
p{\)  =  -  ‘^ u { u  -  1), (6.38)
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hence, the stability is the same as in the RTBP: the triangular points will be stable if and only if
(6.39)z/ <  ^ % 0.038520896 or u > -— ~  0.961479104,
and will have complex instability otherwise.
u =  0 and v =  1 When u =  0 and v = 1, given a separation between the primaries Xg, we have 
that the position of the triangular points is fixed
and
A
B
2Xg +  62/ — 3 
2x2 + 3  ’
X  = r 2(27-2 3 ) 2
±y/r2  _
4x.c =  - 1 / ( 1  -  v ) f(x ,) .
(6.40)
(6.41)
(6.42)
The function f{xs)  is always positive for Xs > 0, hence B > 0 and can only be zero for z/ =  0 or 
1/ =  1 , which have already been treated.
u=0 v=1
1
0.9
<  0.8
0.7
(a) A  for xt =  0 and v  =  1. (b) jB for u =  0 and n =  1. (c) A^ — 4J3 for u =  0 and n =  1.
Figure 6.7: Coefficients of the characteristic polynomial for different values of Xs € [2.6, 7] and v E [0,1] 
for fixed shape parameters u =  0  and v —
Observing figures 6.7(a), 6.7(b) and 6.7(c), we can see that A  and B  are always positive and A^ — 4B 
is positive only for the values of the mass parameter very small or very large.
Analysing when A"^  — 4B  > 0 we find two possibilities: \( u > z/i(x@) plotted in figure 6 .8 (a) and 
if Z7 <  z/2 (xg) plotted in figure 6 .8 (b). Taking the limit of these two functions when x@ tends to
infinity we see that the limits are and which correspond to the critical mass
for the case of two spheres, the RTBP. In conclusion, we have seen that for this shape the stability 
is the same as in the RTBP but the region of stability has decreased in comparison according to 
the plots 6 .8 (a) and 6.8(b).
u =  — 1 and V =  2, horizontal rod: When u = —1 and v = 2 , the position of the triangular
Lagrange points varies with the distance between the primaries and the mass parameter. They are 
the solutions of the following equations,
{{x - x . r  +  2 ( ! ' +  (6.43)
( ( x  -  X s ) 2  +  y 2 ) 3 / 2  2 ( x 2 + y 2 ) 7 / 2
(6 .44)
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Figure 6 .8 : Critical values of z/ as a function of the distance between the primaries to have stability for 
the case u = 0 and v = 1.
In this case,
r+ (6 .45)
then, A =  2 —^  =  1. To study the coefficients B  and — 4B we will compute them numerically. 
The results are plotted in figures 6.9(a), 6.9(b) and 6.9(c).
(a) B  for tt — —1 and v  =  2. (b) — AB for tt =  —1 and v  — 2. (c) Projection to the x z  plane of
— AB  for tt =  —1 and v  =  2.
Figure 6.9: Coefficients of the characteristic polynomial for different values of Xg G [2.6, 7] and r  G [0,1] 
for fixed shape parameters w =  — 1 and v = 2.
We can conclude that for this particular shape the coefficient B  is always positive and — AB is 
positive only for very small values of v and Xg large or for v very large.
Summarising, we have seen that the behaviour of the triangular Lagrange points in the RF3BP in long 
axis resembles the one of the equilateral points of the RTBP, which means that they are stable only for 
very small mass parameter or very large, and complex unstable otherwise. We have seen this, only for 
some cases of the shape, starting with two spheres (RTBP) and ending with the extreme case of a sphere 
and a horizontal rod. Therefore, by continuity the behaviour of the other possible shapes in between 
must be similar. Therefore, the Lagrange points L4 and L5 experience a Hamiltonian-Hopf bifurcation. 
However, in our case, the bifurcation does not happen only at a fixed mass parameter like in the RTBP. 
In this problem, the value of the critical mass parameter depends on the shape and distance between 
bodies, and in this case, it seems to be always smaller than or equal to the Routh critical mass.
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Short axis case
For the short axis case, the problem is different as we can have 2 or 4 triangular Lagrange points and by 
inspecting the zero velocity curves we know that they have a completely different behaviour. To study 
their stability behaviour first we have to understand where does this new pair come from. Observing the 
plots in figure 6 . 1 0  we can see that as we decrease the mass parameter the points Li, Lg, L4  and L5 get 
closer to the spherical body, and that at the same time, Le and L7  separate from L3 . This means, that if 
we take the limit where the mass parameter is 1/ =  0, Li, L2 , L4  and L5 will meet on the sphere forming 
the short axis equilibria and Le and Ly will reach the x  axis becoming the long axis equilibria. By this 
reasoning we should see that the behaviour of L4  and L5 is stability or complex instability, as in the long 
axis case, and for Le and Ly a saddle-centre behaviour.
u=-0.8 w=-0.7 y =6 v=0.2
(a) Equilibrium points u =  0.2.
u=-0.8 w=-0.7 y =5 v=0.1 u=-O.B w=-0.7 y =5 v=0-05
(b) Equilibrium points v  =  0.1. (c) Equilibrium points v  =  0.05.
u=-0.8 w=-0.7 y =5 v=0.01 u=-0.8 w=-0.7 y =5 v=0.0
(d) Equilibrium points u =  0.01. (e) Equilibrium points 1/ =  0.
Figure 6.10: Zero velocity curves for different values of the Jacobi constant given by the colorbar, for the 
RF3BP in short axis equilibrium configuration. From left to right, top to bottom we decrease the mass 
parameter.
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6.3.4 Periodic orbits and invariant manifolds
When the equilibrium points have a saddle-centre behaviour there is a family of unstable periodic orbits 
around them that emanates from the equilibrium point. Therefore, these unstable orbits will have in­
variant manifolds that arrive to or depart from the orbits. In the same way as it happened in chapter 
3, the unstable manifold trajectories might intersect the bodies forming paths that can be used for dust 
to escape from the primaries or to accumulate on the surface after impacts. Further more, depending 
on the system parameters, it will be possible to find trajectories from the manifolds that go from one 
primary to the other one, giving a mechanism for material transfer between primaries. At the same time, 
these manifolds can be used for landing on both of the asteroids forming the binary, or for a mission that 
transfers between them. In order to study the impacts of the manifolds with the surface of the bodies, 
the internal potential expansion is need for the integrations inside the circumscribing sphere. Although 
a full study has not been done about the behaviour of the manifolds, some results from chapter 3, will 
be applicable, in particular when the elongated body is much more massive than the spherical body.
Stable and unstable manifolds for periodic orbit about Stable and unstable manifolds for periodic orbit about L 
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Figure 6.11: Stable and unstable manifolds for different periodic orbits about the Lagrange points in the 
short axis equilibrium configuration.
When the triangular equilibrium points (L4  and L5 ) are stable, or when L3  is stable for the short axis 
case, two families of stable periodic orbits around them exist. Orbits around L4  and L5 would be the 
perfect location to park spacecraft for observation of both bodies, with minimal station keeping. However,
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as the region for stability of the equilibrium points in general has the mass parameter equal or smaller 
than the Routh critical mass, the majority of binary asteroids known today will not satisfy this condition, 
as they are of comparable sizes.
6.3.5 Dynam ics around Lg point for th e short axis equilibrium configuration
In this section the dynamics around the Lg point when the primaries are in the short axis equilibrium 
configuration are studied. Specially, we are interested in the structure of Poincare maps for the different 
stability behaviours that Lg can have depending on the system parameters, and the existence of horseshoe 
orbits.
The RF3BP when the primaries are in short axis equilibrium configuration is more interesting in 
terms of dynamics than the long axis equilibrium case, as it differs from the RTBP in the behaviour 
of Lg. Analysing the linearised system around Lg, we have shown that it is possible to observe that 
this Lagrange point is a saddle-centre when both bodies are spherical, but becomes stable for relatively 
short distances between the bodies and small mass parameter and as we increase the elongation of the 
non-spherical body. Increasing the elongation even further, the region of stability increases and a region 
with complex instability behaviour appears (see figure 6 .6 ).
Poincare Maps
A suitable way to study the dynamics of the Lg Lagrange points is using Poincare maps. Given a 
dynamical system x  = f(x ) ,  and two cross sections S i and Sg the Poincare map is defined as
P :  S i  — ^  S a
Xi I  ^ X2 = P{x) =  ip{t{xi),Xi)
where (p{t, x) is the solution of the dynamical system and t{x) the necessary time that (p{t, x) requires to 
go from xi  e  S i to % G Sa, [60].
In order to analyse the dynamics around Lg for the different behaviours the same Poincaré section is 
used. S i =  Sa, the plane x  = 0. First of all, the parameters of the problem have to be fixed, i.e. the 
shape parameters ax,cty, the mass parameter u, and the distance between the bodies yg. Secondly, a 
set of initial conditions on this section will be selected and integrated forwards in time. The first 2000 
cuts of these trajectories with the Poincaré section will be plotted, unless the trajectory has impacted 
with one of the bodies or escaped the vicinity of the binary. The computation of the cut is done via 
Newton-Raphson method.
Num erical experim ents
In order to have a good insight of the differences in behaviour around Lg three different numerical 
experiments have been done.
In the first one, the problem parameters have been fixed such that Lg is unstable as a saddle-centre, 
and then the value of the parameter ax has been modified slightly to have a stable Lg. The Jacobi 
constant is fixed to the same value for both cases in such a way that for the unstable Lg a gap for Lg is 
open and for the stable Lg the gap for L q and Ly are open. The initial conditions have been fixed on 
the y axis below the Lagrange point. Only the returns with y < 0  have been plotted. Observing figures 
6.12 and 6.13 it is possible to see that for the unstable case there is no structure in the Poincaré map, 
but when the Lagrange point becomes stable, periodic orbits appear around it, creating a structure of 
invariant curves in the Poincaré map.
In the second numerical experiment, the same system parameters have been used but with another 
Jacobi constant. The value of the Jacobi constant has been fixed so that the zero velocity curves have 
a horseshoe shape for both systems. Therefore the only stable orbits that we will be able to see in the 
Poincaré maps will be horseshoe orbits or orbits that go around the whole binary. Observing figures 
6.14 and 6.15 it is possible to see that, in this case, there is some structure appearing on the Poincaré 
maps for both binary systems. However, the number of these stable orbits seems to decrease when the 
body becomes more elongated. Plotting the periodic orbits we can see that they correspond to different 
horseshoe orbits, figure 6.16(a) and 6.16(b).
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Figure 6.12: Returns of the Poincaré map with starting values on the y axis below the Lagrange point. 
L3 is a saddle-centre equilibrium point.
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Figure 6.13: Returns of the Poincaré map with starting values on the y axis below the Lagrange point. 
Lg is a stable equilibrium point.
The third numerical experiment has been done using the system parameters such that L3  is stable, 
but using two different Jacobi constants. In the first case, the Jacobi constant has been fixed such that 
the zero velocity curve has a horseshoe shape with o.x =  0.93 and ay = 1. The second Poincaré map uses 
the same Jacobi constant but the parameter a^ has been slightly reduced to a  =  0.91, in order to have 
the zero velocity curve break on the Lagrange points Lg and Ly.
Observing figure 6.17 which corresponds to the case where the zero velocity curves has a horseshoe 
shape, only two structures appear that are distinguishable from the chaotic sea. They correspond to 
stable orbits around the whole system (see figure 6.18). On the other hand, when reducing the shape 
parameter, we observe in figure 6.19 that some additional structure appears. This structure corresponds 
to periodic orbits about Lg, as the horseshoe shape of the zero velocity curve brakes forming two gaps 
where Lg and Ly are. We can also observe that there are symmetric periodic orbits that cross the Poincaré 
map, once, thrice and up to four times before returning to the same point. Some examples of these orbits 
can be found in figure 6 .2 0 .
H orseshoe o rb its
With the analysis of the dynamics around Lg using Poincaré maps, we have observed the existence of 
horseshoe orbits for some regime of the parameters. In the RTBP there arc two different mechanisms 
that allow for the horseshoe orbits to exist [5, 6 , 55]. First of all, for values of the mass parameter close 
to zero, the dynamics of the system inherits the dynamics of Kepler’s problem, and the horseshoe orbit 
is formed from two Keplerian orbits, circular or elliptical. In this case, the secondary mass acts as a 
perturbation that makes the massless body transfer from one orbit to the other one when close to its 
vicinity, forming the horseshoe orbit. The second mechanism is for systems with larger mass parameter, 
where they cannot be considered a perturbation of Kepler’s problem. In this second case, the horseshoe 
orbits are related to the invariant manifolds of the Lyapunov orbits emanating from the collinear point
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Figure 6.14: Returns of the Poincaré map with starting values on the y axis below the Lagrange point. 
L3 is a saddle-centre equilibrium point and the zero velocity curve has a horseshoe shape around L 4 , L3  
and Lg. In the detailed view only the trajectories that did 2000 cuts with the Poincare section have been 
plotted. The centres of the invariant circles correspond to two horseshoe type of orbits.
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Figure 6.15: Returns of the Poincare map with starting values on the y axis below the Lagrange point. 
Ls is a stable equilibrium point and the zero velocity curve has a horseshoe shape around L 4 , L 3  and L 5 . 
In the detailed view only the trajectories that did 2000 cuts with the Poincare section have been plotted. 
The centre of the invariant circle corresponds to a horseshoe type of orbit.
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(a) Two horseshoes orbit correspond- (b) Horseshoe orbit corresponding to
ing to centre points of the invariant centre point of the invariant curves
curves plotted in figure 6.14(c) and plotted in figure 6.15(b).
6.14(d).
Figure 6.16: Horseshoe orbits with C = —0.30011 for ax = 0.993, O!^  =  1 on the left, and ax =  0.992, 
ay = 1 on the right.
a  =0.93 a  =1 v=0.001 y =5 J=-0.30011
-8 -7 -6 -5 "4 -3 -2
y
(a) La stable w ith zero velocity curve w ith horse­
shoe shape
a  =0.93 a  =1 v=0.001 y =5 J —0.30011
0.05
>. 0
(b) D etailed view  of the left image
Figure 6.17: Returns of the Poincaré map with starting values on the y axis below the Lagrange point. 
L3 is a stable equilibrium point and the zero velocity curve has a horseshoe shape around L4 , Le, Lg, Ly 
and Lg.
L3 , and they alsoe depend on the invariant manifolds of the other collinear Lagrange points.
In the RF3BP, in general, horseshoe orbits will exist due to the same mechanisms, however, we want 
to know if the non-spherical shape of one of the primaries has an effect on the number of horseshoe 
orbits. Moreover, when the primaries are in a short axis equilibrium configuration such that Lg is stable 
or complex unstable, the stable and unstable invariant manifolds will not exist, and hence something 
must occur to the horseshoe orbits.
In this study, we will restrict ourselves to symmetric orbits with respect to y axis. This is because the 
equations of motion of the RF3BP under the short axis equilibrium configuration are invariant by the 
following transformation:
(L X, y, X, ÿ) — (- ( ,  -X, y, x, -ÿ ) .
Therefore, if a solution of the equations has two orthogonal crossings with the y axis, then it is symmetric 
with respect to that axis. We will assume that the first orthogonal crossing occurs at t — 0 with initial 
condition (0, x%, 0), and the second one at t =  T /2 where T  is the period of the orbit and (0, j//, x /, 0)
the intersection point.
In order to find periodic horseshoe orbits with two orthogonal crossings we will follow the mechanism 
explained in [5]. For a fixed value of the Jacobi constant, between the values of L2 and Lg (the zero
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Figure 6.18: Two stable symmetric periodic orbits with C =  —0.30011 for the shape parameters ax — 0.93 
and a,, = I.
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(a) Lg stable w ith zero velocity curve opened at Lg and 
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(c) Detailed view  of invariant curves
Figure 6.19: Returns of the Poincare map with starting values on the y axis below the Lagrange point. 
L3 is a stable equilibrium point and the zero velocity curve has opened on L g ,  and L y .
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a  =0.91 a  =1 y =5 v=0.001 a  =0.91 a  =1 y =5 v=0.001
(a) Periodic orbit w ith 1 cut of the Poincare sec- (b) Periodic orbit w ith 2 cuts of the Poincaré sec­
tion  X  =  0 before returning to the sam e initial tion a; =  0 before returning to  the sam e initial 
point. point.
Figure 6.20: Some stable symmetric periodic orbits with C = —0.30011 for the shape parameters %
0.91, ay — 1.
velocity curves allow transfers from the inner region to the outer region via L2 ), we will look for the 
intersection of the zero velocity curve with the vertical axis below Lg, that we call yi. Then, we consider 
our initial condition as (0,^*, — 0) where Xi is fixed by the value of the Jacobi constant and yi. This 
initial condition is then integrated until the next crossing with the vertical axis happens near Lg at 
(0, y f ,X f ,  ÿf). The symmetric horseshoe initial conditions will have yi such that ÿ f  vanishes. If the point 
found does not satisfy this condition, we decrease yi and iterate the process. Therefore, as explained in 
[5] we will have constructed a piecewise continuous function. When a change of sign in ÿ / is detected, 
there must be a value between the last two values of yi such that ÿ f  = 0. If after a maximum time of 
integration a cut with the section has not been found, we will consider as a discontinuity in the function. 
This value can be found using Newton-Raphson method if we know the differential of the Poincaré map 
or the secant method otherwise.
In the RF3BP the mass parameter n G [0,1], but we will only consider small values of u as we want 
the zero velocity curve to have a horseshoe shape around Lg. For large values of u the zero velocity curve 
with horseshoe shape will contain the point Lg instead of Lg. In order to study how the change of shape 
of the asteroid affects the horseshoe orbits we have fixed the parameters of the binary and two different 
mass parameters are used: u = 0 . 0 0 1  for the first numerical experiment and 1/ = 0 . 0 1  for the second and 
third.
In the first example, the distance between the primaries is =  5 and the shape parameter ay has 
constant value 1. The Jacobi constant has been fixed to J  =  —0.3001 in such a way that the zero 
velocity curve of that energy has a gap for Lg when «a, =  1, a horseshoe shape for the shape parameters 
ax = 0.975,0.95 and 0.925, but it opens up in Lg and L7  for ax = 0.9. We plot ÿ f  as a function of 
yi in figures 6.22 and 6.23. We recall that a horseshoe orbit is found when ÿ f  = 0. Observing the 
figures, it is possible to see that ÿ f  has less cuts and more discontinuities as ax decreases, therefore, the 
number of horseshoe orbits reduces when ax decreases. However, when ax =  0.9 a small structure when 
yi G [—5.8, —5.5] appears. This structure corresponds to stable periodic orbits around Lg (plotted in 
figure 6.25) as for the parameters chosen Lg is a stable point.
In the second example, we have increased the mass parameter to =  0.01 and the Jacobi constant has 
been fixed to J  = —0.301, which guarantees that the shape of the zero velocity curves for the parameters 
ax considered is always a horseshoe. When decreasing the ax value the thickness of the zero velocity 
curve at Lg increases as observed in figure 6.26(a). In figure 6.26(b) we have plotted ÿ f  as a function of 
yi for ax =  1,0.9,0.8 and 0.7. Observing the figure we can see that, as in the previous case, the number 
of horseshoe orbits reduces as the shape parameter ax reduces.
Comparing the results form the second example with the first example, we can observe that for this 
mass parameter and this energy the number of horseshoe orbits has decreased. This result could be due 
to the change in mass parameter, (/, or due to the change in the shape of the zero velocity curves and
96 6. Dynamics of the Restricted Full Three Body Problem
a^=1 y^-5 v=0.001 J=-0.3001
 a  =1
 a  =0.975
 a  =0.95
■a =0.925
 a  =0.9
-2-4
Figure 6.21: Zero velocity curves for the binary with i/ — 0.001, =  5,a^
J  — —0.3001 for different shape parameters a^.
1 and Jacobi constant
=1 a„=1 C=-0.3001 ix=0.975 Oy=1 C=-Q.3001
(a) ax  — I
a,=0.95a.=1 C=-0.3001
y
(b) ax  =  0.975
0^=0.925 Oy=1 C=-0.3001
(c) a x  =  0.95 (d) ax  =  0.925
Figure 6.22: ÿ/ as a function of y* for the value of the Jacobi constant J  =  —0.3001 and u =  0.001.
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i^=0.9 a„=1 C=-0.3001 a =0.9 a  =1 C=-D.3001
(a) ax  — 0.9 (b) Detailed image
Figure 6.23: ÿ f  as a function of yi for the value of the Jacobi constant J  =  —0.3001, v =  0.001 and 
olx — 0.9.
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(c) a x  =  0.95 (d) ax  =  0.925
Figure 6.24: Horsehoe orbits for i/ =  0.001, =  b^ay =  1 and J  =  —0.3001 for different ax parameters.
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Figure 6.25: Horseshoe orbit and stable orbits around Lg for u =  0.001, =  5, =  l,aa, =  0.9 and
J  =  —0.3001.
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(a) Zero velocity curves (b) ÿ f  as a function of %
Figure 6.26: Binary with u = 0.01, =  5,o^ =  1 and Jacobi constant J  =  —0.301 for different shape
parameters ax-
hence, due to the value of the Jacobi constant. Therefore, to understand which is the cause that forces 
the number of horseshoe orbits to decrease, in the last experiment we keep the same value oî u = 0 . 0 1  
and only modify the Jacobi constant such that the zero velocity curves have the same behaviour as in the 
first case. The Jacobi constant has been fixed to -0.3001 and hence it guarantees that for o% =  l  there 
is a Lyapunov orbit around Lg. For the rest of shape parameters the zero velocity curve has a horseshoe 
shape until it breaks at Lg and Ly for ax = 0 .6 , in a similar way to the first experiment but for different 
values of ax- In figure 6.27(b) we have plotted ÿf  as a function of y* for ax =  1,0.9,0.8,0.7 and 0.6. 
Observing the figure we can see that for a% =  l the Lyapunov orbit appears on the right hand side of the 
plot, at the exact point where ÿ/ =  0  in the approximately straight line for values of y* G [—5.6, —5]. On 
the left hand side of the plots the horseshoe orbits appear. The region in yi occupied by the Lyapunov 
orbit is occupied by horseshoe orbits for other ax values. As in previous experiments, when the shape
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parameter ax is reduced, the number of horseshoe orbits decreases. However, when ax = 0.6 and the 
horseshoe shape of the zero velocity curves breaks at Lg and L7 , we cannot see the additional structure 
given by the stable orbits around L3 . This fact is because for the binary parameters fixed, L3  is not stable 
but complex unstable.
a  =1 y =5 v=0.01 C=-0.3001
•a =1
■a =0.!
■a =0.!
 a  =0.7
a  =0.6
-2
-4
-4 -2 -7 -6.8 -6.6 -6.4 -6.2 -5.8 -5.6 -5.4 -5.2 -5
(a) Zero velocity curves (h) ÿ f  as a  function of yi
Figure 6.27: Binary with u =  0.01, =  5 , 0  ^ =  1 and Jacobi constant J  =  —0.3001 for different shape
parameters ax-
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Figure 6.28: Horseshoe orbits for a binary with n = 0.01, t/s =  5, Oy =  1 and Jacobi constant J  =  —0.3001 
for shape parameters a% =  l and 0.9. When ax = 1 there also is a Lyapunov orbit of the same energy.
By comparing all three results, it is possible to conclude that not only the number of horseshoe orbits 
reduces when decreasing the ax parameter (making the body less spherical), but it reduces as well when 
the mass parameter is increased. In the RTBP, when the mass parameter is increased and the problem 
cannot be considered a perturbation of Kepler’s problem, some horseshoe orbits still exist mainly due to 
the invariant manifolds of Lyapunov orbits around L3 . However, in the RF3BP in short axis equilibrium, 
for some shape parameters Lyapunov orbits do not exist, neither do their invariant manifolds. Then, 
there is no natural mechanism that creates horseshoe orbits.
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Summarising, in this section, we have shown how the shape of the non-spherical model affects the 
number of horseshoe orbits that enclose L3 . We have been able to observe the following:
1. For a fixed value of the Jacobi constant and ay the number of horseshoe orbits reduces as the shape 
parameter ax is reduced.
2. Larger mass parameters have fewer horseshoe orbits.
3. When L3  is stable, and for values of the energy that guarantee that there is a gap in Le and L? in 
the zero velocity curve, some of the horseshoe orbits disappear and some stable orbits around L3  
close to the zero velocity curve appear. When L3  is complex unstable these orbits do not exist.
6.4 T he R F 3B P  w hen prim aries are not in equilibrium
Due to irregular non-symmetric shapes, asteroids that are in an equilibrium configuration, are not in 
perfect equilibrium, but near one. In this section, we are interested in trajectories where the sphere is 
in a periodic orbit about an equilibrium configuration. Then, the massless particle will experience a 
non-autonomous periodic potential.
6.4.1 O sculating Lagrange points
When the primaries are not in an equilibrium configuration, the Lagrange points for a massless particle 
do not exist. Assuming that our sphere is moving on a particular trajectory near equilibrium, at each step 
of integration of the equations of the primaries, we suppose that the system is frozen, s o r  =  r  =  c h = 0 , 
and for each value of r  and w it is possible to compute the correspondent ’’equilibrium” points for the 
massless particle. These points, which are not real trajectories, will be the osculating Lagrange points.
We are interested in understanding the behaviour of these osculating points when the sphere moves 
near an equilibrium configuration, and how they change as the sphere moves away from equilibria. This 
is because, although the osculating Lagrange points are not real trajectories, they can give us a handle on 
how the trajectories behave around real Lagrange points when the primaries stop being in equilibrium. 
We are interested in knowing if these trajectories will be able to follow the osculating equilibrium points as 
they move. To understand more about this question, a comparison between the frequencies of oscillation 
and time scales that appear in the problem has to be done, which is explained in section 6.4.2.
Observing figures 6.29 and 6.30, it is possible to see that for the long axis configuration, when the 
mass parameter is small the orbits of the osculating Lagrange points and the periodic orbit for the sphere 
have similar amplitudes, but as the mass parameter is increased, the amplitudes of L4  and L5 become 
larger compared to the other ones. Another interesting fact that we can see is that as the amplitude of 
the periodic orbit is increased, some of the osculating Lagrange points approach each other and some 
loops appear as well. For a sufficiently large periodic orbit around the long axis equilibria there is a 
moment where L4  and L3  seem to meet and disappear, and then another where L5 and L3 meet and 
seem to disappear as well. For the short axis case, figure 6.31, we have observed, that in this case as 
the amplitude of the periodic orbit is increased, there is a moment in time where Le and L3  meet and 
another one where L% and L3  meet.
We are interested in these intersections between osculating Lagrange points for both equilibrium con­
figuration. First of all, we aim to know where the sphere has to be to have two of the osculating Lagrange 
points meeting, and then we want to know what happens when they meet. Given a particular shape a* 
and ay, and a particular mass parameter u, the idea to answer these questions is to impose the coordinates 
were the intersection occurs, and then find the appropriate position of the sphere {xs,ys) and angular 
velocity of the frame w. To do this, a system of three equations has to be solved, where two equations 
are the position of the osculating Lagrange points, and a third one that says that the second derivative 
of the potential loses rank.
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(a) O sculating Lagrange points for different periodic or­
b its (plotted in black) around th e  long axis equilibrium  
configuration located at Xs =  6 when n =  0.1
(b) Detailed im age of (a)
Figure 6.29: Osculating Lagrange points for different periodic orbits for the sphere around the long axis 
equilibrium point. The parameters of the elongated body are ax = 0 .1  and ay — 0.9. The mass parameter 
is z/ =  0 . 1  and x .  =  6 .
(a) V =  0.5 (b) V =  0.9
Figure 6.30: Osculating Lagrange points for different periodic orbits (plotted in black) around the long 
axis equilibrium configuration located at Xg =  6  with elongated body parameters ax =  0.1, ay =  0.9, and 
with u =  0.5 on the left hand side and v = 0.9 on the right hand side.
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Until now, we have only witnessed these intersections of osculating Lagrange points, but we still do 
not know anything about them. In the future, we hope to find some answers to this.
6.4.2 Com parison betw een the system  frequencies
As said in the previous section, to understand if a particle orbiting a Lagrange point will follow it 
(osculating Lagrange point) as it moves when the primaries are not in equilibrium, a comparison between 
frequencies of oscillation of the system has to be made. Basically, the interesting part of this study is the 
comparison between the three time scales present in RF3BP, as we can have three different frequencies of 
oscillation: 27r/a; the frequency of the elongated body, the frequency of oscillation of the sphere around
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(a) Us =  6, 1/ =  0.05, ax  =  0.1 and a y  =  0.9 (b) Us =  3, ly =  0.3, ax  =  0.5 and a y  =  0.6
Figure 6.31: Osculating Lagrange points for different periodic orbits (plotted in black) around the short 
axis equilibrium configuration.
the equilibrium configuration of the two bodies, and the frequency of oscillation of the massless particle 
around the Lagrange points. By studying this comparison between time scales, we will be able to have a 
first hint of the behaviour of trajectories about Lagrange points when they disappear because the relative 
equilibrium of the primaries is broken. To start with, we will do this study by comparing the frequencies 
of oscillation of Lagrange points when the primaries are in long axis equilibria, as it is the configuration 
most present in binary asteroids. In particular, we will centre our attention to the case of the triangular 
Lagrange points, as they are the only ones that can be stable for the long axis equilibrium, and could be 
suitable places where to park a spacecraft if they are stable.
As the F2BP and RF3BP have many parameters, it is difficult to study all the cases possible. As we 
have done in the section about stability of triangular Lagrange points, what we will do is to fix some 
particular values of the shape of the elongated body, mainly the vertices of the triangle of possible shapes, 
and then, extract some conclusions from there. We will study separately the extreme cases u = 0 and 
ly = 1 as well.
C ase jy =  0: When the elongated body has all the mass, the Lagrange points and the long and short
axis equilibria coincide, so we only need to compare the oscillations of the long axis (which is a saddle- 
center) with the angular velocity of the elongated body, w. The ratio depends on 3 parameters, Xs, u 
and V, the distance and the two shape parameters, where cooi is the imaginary eigenvalue of the long axis 
and w the elongated body’s angular velocity. By fixing several distances between the primaries, we can 
plot the ratio to have an idea of the comparison between oscillations.
Observing 6.32 we can see that as we increase the distance the ratios tend to 1, which means that the 
frequencies tend to coincide. For other distances between the primaries, the frequencies remain similar. 
Hence, in this case, the two time scales present are comparable.
C ase ly = 1 When the sphere has all the mass, there is an infinite number of Lagrange points, sur­
rounding the sphere in a circle, and they always have two zero eigenvalues and two such that A =  ±uji. 
When the elongated body has a negligible mass the eigenvalues of the long axis equilibria still depend on 
3 parameters, xs, u and v. As before, we can plot for different values of the distance the ratio between the 
angular velocities of the long axis and the angular velocity of the elongated body (and of the Lagrange 
point). In this case, if Xg > 3 the long axis equilibrium is always stable so we have two possible ratios. 
Observing the figures, we can see that although they have comparable behaviours, always close to the 
value 1, when the parameter u goes to 0, one of the ratios goes to 0 as well. This is because the long 
axis equilibria when the body is axisymmetric u =  0 has two 0 eigenvalues, like the Lagrange points.
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Figure 6.32: Ratio between ^  for different values of the distance, xs 
is z/ — 0. The larger the distance Xs the flatter the surface.
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(a) Sm allest eigenvalue (b) Largest eigenvalue
Figure 6.33: Ratios between the imaginary eigenvalues of the long axis equilibria and the angular velocity 
of the elongated body for different values of the distance, xs = 3,..., 10, when the mass parameter is 
u = 1. On the left hand side we have the smallest eigenvalue and on the right hand side the largest.
Then, for this case, except u =  0, all the time scales will be comparable. When the body is axisymmetric, 
the dynamics of the Lagrange points and long axis equilibria are much slower than the rotation of the 
elongated body.
V ertices of th e  trian g le
• u = V = 0
When u =  0 and u =  0, we have two spherical bodies moving on circles with one always showing to 
the other the same face. In this case, the the long axis equilibrium configuration always have two 
0  eigenvalues and two imaginary p =  ±u)i, which only depend on the parameter Xg.
As explained in section 6.3.3, when the two bodies are spherical and they are in equilibrium, we 
recover the equations of the RTBP. The collinear points are always a saddle-centre, so we always
have two equal eigenvalues imaginary and for the equilateral points if z/ < ~  0.038520896
or Z7 >  ^ 1/ 2 3 / 2 7  ^  0.961479104 we will have 4  eigenvalues imaginary, Ai =  y/i+27v{v 1 )^
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and A2 =  which only depend on the mass parameter.
Studying the comparison of the long axis frequency with the equilateral points one, we can see that 
as we increase the separation between the two bodies the ratio between eigenvalues increases. For 
very small mass parameters the ratio approaches to 0 , so we can have large differences in timescales.
(a) R atio |A i/p | where |Ai| =  y   ^ 1) (b) R atio |A i/p | where |Ai| = 1 — "y/i+271 (^1^ —1)2 "
^  10
0.02
(c) R atio lAg/pl where IA2 I =  w  , (d) R atio jAg/pl where IA2 I =  y  JlI
Figure 6.34: Comparison between the imaginary eigenvalues of the long axis equilibrium configuration 
and the L4  equilibrium point for the case of two spheres.
u =  0  and v = 1
In this case, for the F2BP, the eigenvalues of the long axis equilibrium configuration are 0 and
section 6.3.3 we showed that the stability of the triangular points in this case, was 
similar to the spherical case, but it depended as well on the separation between the primaries. As 
in the previous case, we can plot the ratio of imaginary eigenvalues.
Observing figure 6.35 we can see that one of the ratios approaches 0 when the mass parameter is 
close to 0  or 1 , hence, large difference in time scales for this case, but the other ratio is always near 
1 , so comparable time scales.
• u = —1 and V = 2
When u = —1 and v = 2 the coefficients of the characteristic polynomial for the long axis equilibrium
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(a) R atio |A i/p |. (b) R atio |A i/p |.
(c) R atio jAg/pl.
0 .9 6  ®
(d) R atio |A2/p |.
Figure 6.35: Comparison between the imaginary eigenvalues of the long axis equilibrium configuration 
and the L4  equilibrium point for the case of w =  0  and v — 1.
configuration are
a:g(3z/4-1 ) 
3
(^2+3)2
> 0 ,
(—3a:g(l +  i^ ) — 15 +  I'Xg),
(6.48)
(6.49)
where g(p) =  +  Y j and p =  £■ Studying the coefficient Y  we see that F  > 0
if Xs > a/3 +  2y/Q and < y < 1. In this case we have four imaginary eigenvalues. If
y  < 0 we have two imaginary and two real eigenvalues. If we consider the RF3BP, in particular 
the triangular points, when w =  — 1  and v = 2, their position varies with the distance between 
the primaries and the mass parameter. In section 6.3.3, we showed that the coefficients of their 
characteristic polynomial where A = 1, and B  > 0 always. We showed, as well, that the expression 
— AB was only positive for values of u very small with large separation between the primaries, 
or very large.
For this case, an horizontal rod, we have seen that we can have two or four imaginary eigenval­
ues for the long axis equilibrium configuration depending on the parameters, and four imaginary 
eigenvalues or four complex eigenvalues for the triangular points, depending as well, of the param­
eters. Therefore, in order to visualise better the comparison between eigenvalues we will compare 
the coefficients X, Y,z4 and B,  instead of the ratio of eigenvalues. Comparing the coefficients of 
the two characteristic polynomials we see that X  > 1  and increases with the distance between the 
primaries and the mass parameter, whereas A = \  always. On the other hand, the coefficient Y  can
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(a) X  for n =  —1 and v =  2. (b) y  for a  — —1 and v  =  2.
Figure 6.36: Coefficients of the characteristic polynomial of the long axis equilibrium configuration for 
different values of Xs E [3, 7] and v E [0,1] for fixed shape parameters u = ~1 and v = 2.
have negative values and increases as well with the distance between the primaries and the mass 
parameter, whereas B > 0  and has a mountain shape with values smaller than 2  for distances larger 
than 3. Because Y  can have negative values it means that we can find values of Xg and v  such that 
y  =  0 , which means that we can find 0  eigenvalues for the long axis equilibrium, and then we can 
have a big difference between the time scales of both systems.
Summarising, with this comparison between frequencies of oscillation, we have seen that in the majority 
of cases, the three time-scales present in the problem of a massless particle orbiting a binary system are 
comparable. This fact makes it difficult for us to understand the behaviour of a trajectory around a 
Lagrange point when the configuration of the primaries is not in equilibrium. However, we have detected 
some particular values of the system parameters where a large difference in time-scales seems to exist. 
On the other hand, when the dynamics around the equilibrium of the F2BP are much faster than the 
dynamics around the Lagrange points, some averaging techniques could be considered.
6.5 C onclusions
In this chapter, the restricted full three body problem has been formulated assuming the underlying 
dynamics explained in the previous chapter, the full two body problem. We have treated separately the 
cases where the primaries are in equilibrium and when they are not.
For the case where they are in equilibrium, it is possible to find an extensive literature that studies the 
Lagrange points, location and stability, but we have not seen yet any publication proving analytically the 
instability of the collinear Lagrange points of the long axis equilibria and of Li and Lg of the short axis, 
which we have proved in this report. Moreover, the fact that L3  of the short axis configuration can have 
different possible behaviours, does not seem to have been mentioned before in the literature. As the short 
axis equilibrium configuration has this change in the L3  behaviour, we have investigated what happens 
to the dynamics near it for different shapes of the non-spherical body and different mass parameters. In 
particular, we have studied the existence of horseshoe orbits and we have observed that the number of 
horseshoe orbits decreases as the elongation of the body or the mass parameter is increased.
For the case when the primaries are not in equilibrium, not many studies have been done in the 
literature. In this chapter, we have focused on the study of the comparison of frequencies of oscillation 
and the location of the osculating Lagrange points. Regarding the comparison of frequencies we have 
concluded that in the majority of cases the three time-scales present in the problem of a massless particle 
orbiting a binary body are comparable, and therefore, it is difficult to predict the behaviours of the 
massless particles when the primaries stop being in equilibrium. Regarding the study of the location of
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the osculating Lagrange points, we have seen that increasing the mass parameter increases considerably 
the amplitude of some of the orbits of the osculating equilibrium points. Moreover, we have never found 
any mention in the literature of the fact that the osculating Lagrange points intersect as the amplitude 
of the orbit of the sphere is increased. This topic should be studied further in the future.
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7. Another m odel for the  
gravitational potential: the point 
m asses m odel
7.1 Introduction
In chapter 3 we studied the dynamics of a rotating non-spherical body by modelling its gravitational 
potential with an expansion up to second order in terms of spherical harmonics and spherical Bessel 
functions. The bodies described by this gravitational potential have two axes of symmetry and therefore, 
do not represent good approximations for bodies which do not present such symmetries. One way to 
solve this problem would be to use a higher order expansion as done in chapter 2 , by using the polyhedral 
model [90] or the mascon model [36] mentioned previously to model their gravity. However, an accurate 
detailed knowledge of the shape of the asteroid is then required.
In this chapter, we propose to model the asteroid using a small set of cotangent spheres. The simplest 
case of this model would be the dumb-bell formed of only two spheres and the most complicated case would 
be the mascon model, where large sets of spheres of different sizes can reproduce with great accuracy 
the shape of the body. In this case, we will restrict the number of spheres used to a small number, as 
we believe that with 3 or 4 spheres we can approximately reproduce the dynamics of elongated asteroids, 
including the non-symmetrical ones, in a very simple way without having the knowledge of the shape in 
great detail.
In the literature it is possible to find other examples of work done modelling the bodies with a reduced 
set of spheres, like the work done by Scheeres in [79, 76]. However, in this thesis the focus is on the 
dynamics of the body itself, looking for minimum energy configurations of the spheres for constant 
angular momentum, and not about the dynamics of massless particles around the body. Other examples 
in literature for a model using 3 spheres are the already mentioned papers written by Gabern, Koon and 
Marsden, [33, 34]. In these papers a binary asteroid is described using a spherical body and an elongated 
body modelled with three spheres aligned, stuck together by two massless rods. Although normal forms 
for periodic orbits are derived in the papers, a study of the behaviour of the equilibrium points depending 
on the shape of the non-spherical body is not carried out.
In this chapter, we aim to investigate, for a given shape and rotation of the non-spherical body, the 
location and behaviour of relative equilibrium points for massless particles and how they differ from the 
symmetrical case studied with the expansion of the potential. Moreover, we aim to give a justification 
for this choice of potential by modelling some asteroids with 3 or 4 spheres, and when possible, compare 
the dynamics with more accurate models known for those asteroids. In the following chapter, we will 
use this study as a starting point for studying particular cases of the N-body problem and to study the 
non-linear dynamics around irregular asteroids and the focusing effect of the invariant manifolds for the 
different problems.
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7.2 M odels
Spherical bodies with constant density can be reduced to points masses and therefore their gravitational 
potential is simplified
where Mi is the mass of the sphere and pi the distance from the centre of the sphere to the place where 
the potential is computed. In order to express the gravitational potential of irregular bodies such as 
asteroids we want to take advantage of the simplicity given by spheres. Hence, we model the shape of 
the bodies with several cotangent spheres of equal density, U — When doing this, one should
remember that the dynamics computed will only be valid outside the solid spheres as inside the potential 
has a different expression. For simplicity, and as we are only interested in the dynamics outside the 
sphere, we only use in this chapter the external potential of a sphere, i.e, the gravitational potential of a 
point mass.
In a frame of reference centred at the centre of mass of the body modelled with multiple spheres and 
rotating with the body which has constant angular velocity w, the equations for a massless particle are 
the following
x  — 2ujy — uj‘^ x =  (7.2)dx
j) + 2u}x-u}‘^ y = (7.3)
Then, the relative equilibrium points are solutions of
N
"  =  E 4 )W X
^  GMi{y -  Pi)
i=l
where ri =  {xi,yi) is the position of the centre of each sphere with respect to the centre of mass of the 
system. Note that we can only consider relative equilibrium points outside the surface of the spheres. 
Even though these equations might have solutions which lie inside the sphere, they will not be formally 
valid. For simplicity, and in order to avoid writing the potential with piecewise functions differentiating 
between the inside and the outside of the sphere, in this chapter, we have only used the external potential 
of the sphere. The reader has to remember that the dynamics inside the spheres are not valid.
In this chapter we are interested in understanding how the number of spheres, their position and the 
angular velocity of the whole system changes the number of relative equilibrium points, their location 
and their stability.
7.2.1 Three point m asses
Using three spheres, the simplest model to represent an elongated body is given by the three cotangent 
aligned spheres. In this case, when the two outer spheres are identical, the model is very similar to the 
ellipsoidal model of an asteroid as there are two symmetries given by the principal axes of the body. 
When the two outer spheres are not equal only one symmetry is conserved.
When the three spheres representing the body are not aligned, more complicated shapes can be mod­
elled. When the outer spheres have the same mass only one symmetry is present, otherwise the body has 
no symmetries.
Three point masses aligned
Let’s suppose there are three cotangent spheres aligned on the rc-axis with mass M i,M 2 and M 3  and 
positions (xi, 0), (%, 0) and (x3 , 0) respectively, and let’s assume, without loss of generality, that M% > M3
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and that the centre of mass of the system is at the origin. Then M\X\ +  M 2X2 + M 3X3 = 0. Normalising 
the masses by Mi we define P2 = ^  and M3  =  ^ -  The distances are normalised in a way that the 
radius of the three spheres are the following
ri =  1, (7.6)
n  =  p T ,  (7.7)
>•3 =  (7.8)
where we are assuming that the three spheres have the same density. Then, the location of the spheres
with respect to the centre of mass of the system is given by the solution of the centre of mass equation 
and the following equations
X2 -  Xi 
Z3-%2
=  1 + (7.9)
(7.10)
Equilibrium points The external relative equilibrium points for a massless particle in the vicinity of 
the rotating body are given by the solutions of
2 (a; -  Zi) , P2{X-X2)  , P3(X-X3)
((æ Xi Y  +  y 2 ) 3 / 2
y
+
+
((æ -  Tg)^ +  y2)3/2
M2 M
+
+
((a; -  XsY  +  y 2 ) 3 /2  ' 
M3%/
(7.11)
(7.12)
((re -  x i)2  +  y2)3/2 (( re  — rc g)^  +  y ^ ) ^ / ^  ((rc  -  rcg)  ^ +  y2)3/2
At the re—axis (the axis of symmetry) there are 4 equilibrium points given by the intersection of the curve 
plotted in figure 7.1 ( ^ ^ )  with horizontal lines of value. Prom these equilibrium points we are not 
interested in the two inner ones as they are inside the body.
Figure 7.1: Equilibrium points aligned with rc-axis. There are four vertical asymptotes given by the 
location of the centres of the spheres and the centre of mass of the whole body located at 0 .
When y 7  ^0 it is convenient to treat separately the bodies with one or two symmetries. For the body 
with two symmetries, ps — I and X3 =  —xi.  Therefore, the equilibrium solutions will lie on the y—axis, 
or the second axis of symmetry. In that case, only two relative equilibrium solutions exist given by the 
intersection of the curve plotted in figure 7.2 with horizontal lines of value.
The case where fj.3 7  ^ is more complicated as the relative equilibrium points do not lie on the y—axis 
but on a curve like the one plotted in figure 7.3. In this case, the curve separates from the y—axis when 
the particle is close the masses (co large). As the curve separates from the y—axis, it goes towards M% 
as it has been assumed that Mi > M 3 . By analogy with the previous case, it is clear that only two 
equilibrium points will lie on the curve and the distance from the origin will be given by the value of co^ .
Stability analysis of equilibrium points The linearised system of equations at the equilibrium point 
has the following matrix
A =
/ 0 0 1 0 \
0 0 0 1
+  Cxx Uxy 0 2w
V Uxy + —2cu 0 /
(7.13)
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Figure 7.2: Equilibrium points aligned with y-axis when y 3 =  yi.
Figure 7.3: Location of the equilibrium points with y 7  ^0 when y 3  7  ^ y i.
where
U{x,y) = + M2 + Ms
+ y 2  y / { x -  2 2 ) 2  + y 2
The characteristic polynomial is
p(A) =  +  (2cu^ — C/xx — U yy)X ^  +  +  oJ^{Uxx  +  Uyy) +  U x x U y y  — U^y ■
(7.14)
(7.15)
Analysing the discriminant of p at y =  0 it is possible to see that it is always positive for x < Xi and 
X > X3 . Analysing the term multiplying A^  it can be shown that it is alway negative for x < x\  and 
X > X3 . Thus, the exterior equilibrium points on the rc—axis will always have a saddle-centre behaviour. 
When the body has two symmetries, at x =  0 the term multiplying A^  is always positive while the 
discriminant can be positive or negative. Then, the equilibrium points aligned with the y—axis undergo 
a Hamiltonian-Hopf bifurcation. Again, by analogy, the case with only one symmetry will have similar 
behaviour. This behaviour of the equilibrium points is consistent with the behaviour obtained when the 
body is modelled using the gravitational potential described in chapter 2 .
T h ree  p o in t m asses n o t aligned
Assume the elongated body is modelled using three cotangent spherical masses which are not aligned. 
Then the vectors (xi -  xg, yi — yg) and (X3 -  xg, ys — yg) have an angular separation of 26. When 26 = tt 
the previous case is recovered.
Firstly, for simplicity, the case M\ — M 3 , or in normalised parameters, y 3 =  1 is treated. In this case 
the body still conserves a symmetry with respect to the y-axis. When =  l the location of the three 
spheres in principal axes is given by the following expressions
(x i,y i)  = - (1  +  rg)sing, M2
M2 +  2
( 1  +  rg)cos0  ) ,
(æg,yg) =  ( 0, ~ 2 y2 
M2
(x3,Ms) =  ( -x i,y i) .
(7.16)
(7.17)
(7.18)
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E q u ilib riu m  po in ts  In order to study the relative equilibrium points we want to find necessary and 
sufficient conditions to have an equilibrium point at a particular location (x, y). To simplify the problem, 
only the points given by the location of M 2 , the body’s centre of mass and the centre of mass of Mi and 
M3  are considered. The resultant gravitational forces are plotted in figure 7.4.
'13b
'13a
%
Figure 7.4: Direction of the gravitational forces given the location of M 2 , the centre of mass and the 
centre of mass of M\  and M 3 , where r  =  (—2xi, 0), cr is the vector from the body’s centre of mass to the 
equilibrium point and p the vector from the M \ — M 3 centre of mass to the equilibrium point. The % — 
and i  — r] axes are two orthogonal axes where % is aligned with a and Ç is aligned with p.
There are three resultant forces: one in the direction towards M 2 called F 2 , one in the direction 
towards the centre of mass of Mi and M 3 , F 1 3 0  and finally one in the direction of the vector Mi M 3 , r. 
The expressions of the resultant forces are the following
(7.19)
(7.20)
(7.21)
where pi is the distance from the sphere i to the equilibrium point.
The centrifugal force will be in the % direction, therefore for the point (x, y) to be in equilibrium, the 
forces in the v direction have to cancel. This gives the following necessary condition for equilibrium point
f  1 , n
13o — — ( 3  + 3 )
1 / 1 1
136 —
2  I f ! P 3
F 2 =
P2
F(x, y, P 2 , 6 ) -  ^ V 2X  +  ( “ 3 +  3  
P 2 \  P i  P 3
yxi = 0 . (7.22)
Given an angular velocity for the body the centrifugal force equals (-w^x, —oo' y^) in the % direction. 
Therefore, the second necessary condition is given by the following expression
1 , ^ , 1  
PÎ P2 P3
+ yyi(x2 +
X i X 1
(x2 + y 2 ) (7.23)P i  P 2 P 3 .
Observing equation (7.22) it is possible to see that when x =  0, F  =  0, as pi = ps- Then, it is convenient 
to write
F ( x , y , p 2 , d)  =  X I ^ y 2 +  
P 2
yxi
X X - / ( X , ? / , P 2 , ^ ) .
(7.24)
In summary, the equilibrium points will have to be on the y -ax is (x =  0) or on the curve given by /  =  0. 
The exact point on these two lines will be given by the angular velocity oj.
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(a) /i2 =  2 0 =  7t/2 (b) fi2 =  2 0 =  1.2 {c) fi2  = 2  6 =  1.0
(d) H2 =  2 0 =  O.J (e) fi2  =  2 9 =  0.6 (f) fi2  = 2  6 =  arcsin  ^ )
Figure 7.5: Location of the relative equilibrium points given by the intersection of the thick black lines, 
X =  0 and /(x , y) =  0 with different contours of ui. In figure 7.5(a) the three spheres are aligned and 
therefore the equilibrium points are only the axes of symmetry. As the angle between the two outer 
spheres decreases two symmetric equilibrium points with respect to y—axis can appear.
S tab ility  analysis Given the mass parameter and shape of a body, i.e., given p 2 and 0, for all (x, y) 
that satisfies x =  0 or /(x , y, /i2 , ^) =  0, there exists w(x, y) given by (7.23) such that (x, y) is a relative 
equilibrium point for a massless particle. Then, it is possible to compute the eigenvalues of the linearised 
system and plot them as a function of the equilibrium point. Studying the stability of the equilibrium 
points we observe the disappearance of two equilibrium points when decreasing the angular velocity 
w, depending on the shape. Then, it is possible to conclude that the system undergoes a Pitchfork 
bifurcation. As omega decreases further, the equilibrium points on the y—axis undergo a Hamiltonian- 
Hopf bifurcation as before. On the other hand, the equilibrium points that are the equivalent of the ones 
located on the x —axis for the aligned case always have a saddle-centre behaviour. This can be observed 
in figure 7.6.
Now, let’s consider the case where the body does not have any axes of symmetry. For simplicity we 
consider that Mi — M 2 ^  M 3 , or equivalently, ^ 2  =  l ,y -3 /  1- Then, the tree masses will form a triangle 
with sides 2,1 +  7-3 and c =  y^4 -|- (1 -|- r^Y  — 4(1 -|- r^) cosi9 like the one plotted in figure 7.8, where the 
centre of mass is at the origin. In the previous case (when /X3  =  1) the way in which the coordinates 
of the three spheres were selected guaranteed that the body was in the principal axes coordinate frame. 
For this case, when solving for the coordinates of the spheres we have to make sure that the body will 
be in principal axes. The following are the equations that the three spheres have to satisfy. The first 
two correspond to the centre of mass being at the origin. The next two define the distance between the
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(a) /X2 =  1 d =  7t/2 (b) /X2 =  1 6 =  1.2 (c) /i2 =  1 0 =  1.0
(d) /X2 =  1 0 =  0.8 (e) /i2 =  1 0 — 0.6 (f) /x =  1 0 =  arcsin ^
(h) 1X2 =  4 0 =  1.2 (i) 1X2— 4 0 =  1.0
(j) M2 =  4 0 =  0.8 (k) 1X2 =  4 0 =  0.6 (1) IX =  4 0 =  arcsin
Figure 7.6: Location and stability of the relative equilibrium points given by the intersection of the thick 
black lines, x =  0 and /(x , y) = 0  with different contours ofw. Complex unstable behaviour is represented 
in green, stable in gray and saddle-centre in light blue.
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centre-centre
saddle-centre
Pitchfork
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centre-centre complex 
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saddle-centre Hopf
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centre-centre ^%complex
-------------------"unstabre
saddJe-peotCQ _ _
centre-centre
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saddle-centre
Figure 7.7: Bifurcation diagram (as a function of uj) of the stability of the relative equilibrium points. 
The upper plot represents the equilibrium points with y > 0 and the lower one with y < 0. oo increases 
from left to right.
5 the size of each sphere with its mass, as they all have the same density.
X I + X 2 +  P 3 X3 = 0, ( 7 . 2 5 )
y i  +  y 2 +  p y 3 = 0, ( 7 . 2 6 )
{Xi  -  X2 Ÿ  +  (m  -  V2 f  = 1, ( 7 . 2 7 )
{X2 -  x ^ f  +  { y 2 -  y 2 ?  = ( 1  +  r g ) ^ , ( 7 . 2 8 )
{ x  -  X i f  +  [ y  -  y i f  = 1, ( 7 . 2 9 )
(x  -  X2 Ÿ  +  (y -  y 2 Ÿ  = 1 , (7.30)
( x  -  X s f  + { y -  y3Ÿ = (7.31)
i1+r.
M
3
Figure 7.8: Triangle formed by the three masses not aligned which represent a body with no symmetries.
Once the positions {xi,yi) of the masses have been chosen, it is desirable to express them with respect 
to a frame of reference aligned with the principal axes of the body. The moment of inertia of a solid 
sphere of mass m  and radius r with rotation axis through its centre of mass is
2mr'^fb 0  0
0 2mr^/5 0
0 0 2mr^/5
(7.32)
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The parallel axis theorem states that the moment of inertia about an axis parallel with perpendicular 
distance s is
I  =  h o m  +  m (s • s / 3  -  s (g) s ) , (7.33)
where I 3  is the identity matrix and 0  the outer product.
For the particular case considered Icomi =  Icom^ =  2/5 - 7 3  and Icoms =  2 p 3 r | / 5  • h .  Therefore, adding 
the three inertia matrices after applying the parallel axis theorem results in matrix of total inertia given 
by the following expression:
/  a d 0 \
h o d y  = { d b 0 j . (7.34)
\  0  0  c /
(
t> — (g —b)^ +4d^  \
 2---------) it will be guaranteed that
the body is in principal axes.
Equilibrium points and their stability  As previously done for the case of one axis of symmetry we
analyse the location and stability of the equilibrium points. We aim to understand how the loss of sym­
metry affects the behaviour of the relative equilibrium points and the bifurcations observed. Considering 
again figure 7.4 where now the centre of mass of Mi and M 3  is not at half the distance between them, 
the expressions of the resultant forces are the following
/^ 3
1 +A«3 VPi PÎ.
F 2 =  — 3 ^ 2 - (7.37)
P2
Then, the necessary condition for relative equilibrium point is given by
Fi3a • Gj/ -t- Fi3i,a • -|- F 2  • =  0 (7.38)
where e ,^ = {—y,x).  The location of the equilibrium points depends on the value of oj given by the 
following expression
F i 3 a • G^  -f Fi3{,a • -j- F 2  • =  —uy^{x^ +  y^), (7.39)
where =  (x, y).
For this particular case, studying the stability of the equilibrium points we observe as before the 
appearance of two equilibrium points when increasing the angular velocity w, depending on the shape. 
However, due to the lack of symmetry of the model, this time the bifurcation occurring is an imperfect 
pitchfork bifurcation. As omega increases further, the equilibrium points that are stable undergo a 
Hamiltonian-Hopf bifurcation as before. This can be observed in figure 7.10.
7.2.2 Four point m asses
Four spheres give us the possibility of modelling more irregular shapes. In fact, the number of possible 
configurations grows considerably. In this section, we will study some of the configurations considered by 
Scheeres in [76] with equal mass. The cases considered are plotted in figure 7.11.
As for the case of the model with three masses, it is possible to describe the location of the relative 
equilibrium points with a necessary condition curve that will be plotted in black, where the exact location 
on the curve is given by the value of the rotation rate w.
Let’s consider then the three different cases plotted in figure 7.11. For each of them we give the position 
of the 4 spheres and later, when required, we rotate the axis so the bodies are expressed in principal axes. 
Then we plot the curve of possible equilibrium points, different contours of w and the stability of the 
equilibria given by the following colour coding: grey: centre-centre, light blue: saddle-centre and green: 
complex unstable.
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compjex 
-  unstable
saddle-centre
 com£lex _
unstablecentre-centre
Imperfect Pitchfork bifurcation
centre-centre
Hopf bifurcation
saddle-centre
Figure 7.9: Bifurcation diagram (as a function of co) of the stability of the relative equilibrium points for 
the non-symmetric case. The upper plot represents the bifurcation that is observed in figure 7.10(e) and 
the lower plot represents the bifurcations seen in 7.10(c),7.10(d),7.10(j) and 7.10(h). The plots 7.10(f) 
and 7.10(1) have a perfect pitchfork bifurcation as we are recovering the symmetric case, uj increases from 
left to right.
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Observing figures 7.12,7.13 and 7.14 we can see that as before the bifurcations accurring as uj is 
increased are an imperfect pitchfork in 7.12 and 7.14 and a pitchfork in 7.13. We can observe as well 
that we have plotted two very symmetric cases, 7.13(c) and 7.14(a) where no bifurcations occur, and 6 
equilibrium points are present for any uj.
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(a) fjLz =  0.5 6 --- 1.4 (b) /X3 =  0.5 9 =  1.0 (c) /is =  0.5 6 =  0.67
(d) =  0.5 9 =  0.6 (e) /X3 = 0 .5  9 — 0.5 (f) /X3 =  4 9 =  arcsin
(g) M3 =  4 9 =  1.4 (h) M3 =  4 9 — 1.0 ( i )  M 3  =  4 9 =  0.9
H
(j) M 3  =  4 0 =  0.7 (k) M 3  =  4 0 =  0.6 (1) M 3  =  4 0 =  arcsin
Figure 7.10: Location and stability of the relative equilibrium points given by the intersection of the thick 
black lines with different contours of cm. Complex unstable behaviour is represented in green, stable in 
grey and saddle-centre in light blue.
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Figure 7.11: Possible planar configurations using 4 spheres of equal mass. To simplify, we only consider 
one angle 6.
1
(a) d =  7t/2 (b) e  =  0.5 (c) 0 =  - 0 .2 (d) 0 =  - 0 .5
Figure 7.12: Location and stability of the relative equilibrium points for a massless particle when the 
non-spherical body is modelled with four spheres following the design 1 of figure 7.11.
(a) 0 =  7r/6 (b) 0 =  7t/4 (c) 0 — 7t/3 (d) 0 =  I I t t /IS
Figure 7.13: Location and stability of the relative equilibrium points for a massless particle when the 
non-spherical body is modelled with four spheres following the design 2 of figure 7.11.
(a) 0 =  0 (b) 0 =  7t/12 (c) 0 =  tt/6 (d) 0 =  7t/3
Figure 7.14: Location and stability of the relative equilibrium points for a massless particle when the 
non-spherical body is modelled with four spheres following the design 3 of figure 7.11.
7.3 Skeletonisation
In this chapter we have been using a set of cotangent spheres to represent non-spherical bodies because of 
two main reasons: 1) their simple gravitational potential and 2) the ability to represent bodies which are
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not symmetric. In this section we want to justify even more the choice of this model. Our goal is to be 
able to approximately represent real asteroids using 3 or 4 cotangent spheres and compare these models 
with a high order expansion in spherical harmonics when it is available in the literature. In particular, 
we will consider the following asteroids: 433 Eros, 216 Kleopatra, 1620 Geographos and 25143 Itokawa 
which have very non-spherical shapes as can be observed in figure 7.15.
Name Type Mass Density Rot. Period Dimensions
433 Eros 
216 Kleopatra 
1620 Geographos 
25143 Itokawa
NEA
M.B.
NEA
NEA
6.69 • 10fi5 kg 
4.64 • lOis kg 
2.60 • 1013 kg 
3.51 • lOio kg
2.67g/cm3 
3.6 g/cm3
2.0 g/cm^ 
1.9 g/cm^
5h 16 min 
5.385 h 
5.223 h 
12.132 h
34.4 X 11.2 X 11.2 km 
217 X 94 X 81 km 
5.1 X 1.8 X 1.8 km 
0.535 X 0.294 x 0.209 km
Table 7.1: Physical characteristics of asteroids considered
(a) Credit: Reconstruction image of Eros (b) Credit: Stephen Ostro et al. (JPL), 
from N A SA  Arecibo Radio Telescope, N SF, NASA
Gerogr^ phos
(c) Credit: Reconstruction ima­
ge of Geographos from www.f- 
lohmueller.de
(d) Credit: JA X A
Figure 7.15: Asteroids considered: Eros 7.15(a), Kleopatra 7.15(b), Geographos 7.15(c) and Itokawa 
7.15(d).
In order to model a particular asteroid using cotangent spheres, first it is required to reduce its figure 
to a skeleton. This process is called the skeletonization of a shape. The skeleton is a thin version of the 
shape that is equidistant to its boundaries. In other words, it is the locus of the centres of all maximal 
disks [88].
In our work, given a picture of an asteroid or a picture of a model representing the asteroid, from 
the north pole, with already built-in Matlab® functions we convert the figure into a binary image with 
smoothed edges, from which the skeleton is computed using the function bmorph(). Then, by observation 
of the skeleton and the original shape of the asteroid, a set of cotangent spheres with centres approximately 
on the skeleton are overlaid on the image. These are the spheres that will be used to represent the 
gravitational potential of the bodies considered. Observing figures 7.16, 7.20, 7.22 and 7.24 we can 
see that all four asteroids have been represented with 3 or 4 spheres. In particular, asteroid Eros and
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Kleopatra have been represented using the symmetrical case of three spheres considered in sections 7.2.1 
and 7.2.1 and asteroid Itokawa with a non-symmetrical model. The case of asteroid Geographos is similar 
to the planar model of section 7.2.2 but for different sizes of the spheres.
7.3.1 433 Eros
Asteroid 433 Eros was visited by NASA’s NEAR-Shoemaker mission. On the 14th of February 2000, the 
NEAR spacecraft was inserted into a 321 x 366 km orbit around Eros. This was the first time that any 
spacecraft had orbited a small body [22, 32]. With the data gathered by the mission team during the 
orbiting of Eros and the posterior landing using on-board instruments, several models for the shape and 
gravitational potential of Eros have been computed.
Our model of Eros comprises three cotangent spheres plotted in figure 7.16, with radii r\ =  1, r 2 =  1-32 
and ra =  1. The angular separation is 26 — 2.678. Using the values of density and mass from table A.l 
it is possible to compute the approximate total volume of Eros {V = M/p)  which we then compare to 
the volume of the three spheres and gives us the dimensions of the radius of each sphere: 5368.9210009 
m, 7086.975721 m and 5368.9210009 m.
Figure 7.16: Asteroid 433 Eros modelled with three cotangent spheres where Mi (left most sphere) has 
non-dimensional radius 1, Mg (centre sphere) has radius 1.32 and Ms (right most sphere) has radius 1. 
The angle between the segment joining the centres of spheres 1 and 2 and the segment joining the centres 
of spheres 2 and 3 is2 0  =  2.678 radians.
Using this model of Eros we compute the position and stability of equilibrium points for different values 
of the rotations, figure 7.17(a), and then the zero velocity curves when the rotation period is fixed to the 
rotation of Eros: 5 hours and 16 minutes, figure 7.17(b). Observing the figures we can see that the two 
short axis equilibrium points have complex unstable behaviour and are close enough to the body that in 
case of computing the gravity with spherical harmonics they would lie in the internal potential area. The 
two long axis equilibrium points, as expected, have a saddle-centre behaviour, but they are not aligned 
with the principal axes, due to the lack of symmetry of the model with respect to the a:-axis.
Due to the fact that Eros has been visited by a spacecraft, a high order expansion of the external 
potential in terms of spherical harmonics is known as well as a polyhedron approximation. In particular, 
we will use an expansion of degree 16 and order 16. The coefficients of this expansion are included in the 
appendices. Normalising the expression of the potential using spherical harmonics in the same way as 
using the three point masses model, we will be able to compare both potentials. As the equilibrium points 
of Eros are close to its surface, the spherical harmonics expansion does not converge when computed near 
them. Therefore, the comparison between both potentials can only be done far from the interesting 
regions of the dynamics as seen in figure 7.18.
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(a) Black line represents the necessary position (b) Zero Velocity curves when the rotation rate 
of equilibrium points around the  asteroid Eros is fixed to Eros’s rotation rate, 
m odelled w ith  three spheres
Figure 7.17: Location and stability of Eros’s relative equilibrium points.
Figure 7.18: Zero velocity curves around Eros computed using spherical harmonics. In red and yellow the 
zero velocity curves of Eros computed with the external gravitational potential using spherical harmonics 
up to degree 2 and order 2. In blue-green, using an expansion up to degree 16 and order 16. In black, the 
radius of the sphere within which the spherical harmonics expansion is not valid (circumscribing sphere).
In order to compare our potential with a more reliable potential inside the circumscribing sphere we 
will use the polyhedron model of Eros that was computed with the data of the Near-Shoemaker mission 
as we have done in chapter 2. To understand the implementation of this potential the reader should refer 
to [90, 93]. The data that describe Eros is taken from NEAR Collected Shape and Gravity Models in 
NEAR-A-5-COLLECTED-MODELS-Vl.O from http://sbn.psi.edu/pds/resource/nearbrowse.html. Due 
to the fact that the polyhedron potential is very computationally demanding, in this comparison we have 
used the simplified polyhedron of 1708 facets. These data consist in a list of 856 vertices and a list of 
1708 triplets of vertices that creates the facets. With these data it is possible to create the inertia matrix
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of Eros:
I x x I x y I x z
I x y l y y l y z
I x z l y z I z z
/
=  M
24560.87779699529
- 8 2 . 2 3 0 9 8 5 9 8 2 0 4 7 0
8957.308133742216 -82.2309859820470
8 0 4 7 4 . 0 8 7 7 0 9 4 6 2 5 7
47.0105809209665
47.0105809209665
83971.93579601997
Assuming that the z-axis is already a principal axis {Ixz and lyz are small), in order to put asteroid 
Eros in principal axes we need to perform a rotation of angle a = arctan
the z-axis. After this rotation the zero velocity curves at z =  0 are plotted in figure 7.19.
Figure 7.19: Zero velocity curves of asteroid Eros computed with the polyhedron potential, in principal 
axes, with non-dimensional coordinates.
In order to compare our simplified potential using the symmetric case of three spheres with the poly­
hedron potential, we will compare the location and behaviour of the four relative equilibrium points. 
Observing table 7.2, we can see that the behaviour of the equilibrium points is the same. Moreover, 
for the case of the short axis equilibrium points, the difference in the values of the eigenvalues is very 
small. Therefore, with our simplified potential we can approximately reproduce the dynamics of a most 
sophisticated method, but very computationally demanding. Furthermore, by choosing a more precise 
description of the body with 3 or even more spheres, the differences between the potentials can become 
smaller.
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7.3.2 216 K leopatra
Asteroid Kleopatra is a main belt asteroid famous for its dog bone shape and because it has two small 
satellites named Alexhelios and Cleoselene [26].
Figure 7.20: Asteroid 216 Kleopatra modelled with three cotangent spheres where M\ (left most sphere) 
has radius 1, M 2 (centre sphere) has radius 0.5 and M 3 (right most sphere) has radius 1. The angle 
between the segment joining the centres of spheres 1  and 2  and the segment joining the centres of spheres 
2 and 3 is 20 =  7r/ 2  radians, and therefore, the three spheres are aligned.
Our model for this asteroid based on the picture and skeleton from figures 7.15(b) and 7.20 comprises 
three spheres aligned, with the two outer ones with equal radius 1. The smaller inner sphere has radius 
1/2. Using the mass and density from table A.l the dimensional radius of spheres 1 and 3 is approximately 
52511.6879 m. Using this model of Kleopatra’s potential, we compute the necessary position of the relative 
equilibrium points for different values of the rotation, figure 7.21(a), and then, the zero velocity curves 
when the rotation period is fixed to the rotation of Kleopatra: 5.385228 hours, figure 7.21(b).
«
(a) Necessary position of equilibrium points (b) Zero Velocity curves when the rotation  
around the asteroid Kleopatra m odelled rate is fixed to K leopatra’s rotation rate, 
w ith three spheres
Figure 7.21: Location and stability of Kleopatra’s relative equilibrium points.
Observing figure 7.21 we can see that, as expected, due to the symmetries of the asteroid, there are 
only 4 relative equilibrium points and they are aligned with the principal axes of the body.
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7.3.3 1620 Geographos
Asteroid Geographos is a Mars Grosser NEO asteroid that has been studied via ground based radar 
observations [65]. Prom these observations approximate dimensions have been computed, which establish 
Geographos as the most elongated Solar System object yet imaged. Due to this extreme elongation, four 
spheres are required to approximately cover the skeleton of the asteroid. These four spheres are aligned 
and have the following radii: 1, 2.2, 1.67 and 0.77 in non-dimensional units.
Figure 7.22: Asteroid 1620 Geographos modelled with four cotangent spheres where from up to down M\ 
has radius 1, M 2 2.2 M 3  1.67 and M4  0.77. All four spheres are aligned.
Using this model of Geographos’s potential, we compute the necessary position of the relative equilib­
rium points for different values of the rotation, figure 7.23(a), and then, the zero velocity curves when the 
rotation period is fixed to the rotation of Geographos: 5.223 hours, figure 7.23(b). Observing these figures 
we can see that the long axis equilibrium points are on the x  axis as expected because it is an axis of sym­
metry, but the short axis equilibrium points deviate slightly from the y-axis, due to the non-symmetrical 
shape of the asteroid with respect to the y-axis.
(a) Necessary position of equilibrium (b) Zero Velocity curves when the rota- 
points around the asteroid Geographos tion rate is fixed to Geographo’s rota- 
m odelled w ith  four spheres aligned tion rate.
Figure 7.23: Location and stability of Geographos’s relative equilibrium points.
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7.3.4 25143 Itokawa
Asteroid Itokawa was visited by the Japanese mission Hayabusa in order to collect and bring back to 
Earth samples of its surface [53]. On 25 November 2005, Hayabusa landed softly on Itokawa. After several 
complications, on 13 June 2010, Hayabusa successfully returned to Earth carrying more than 1500 rocky 
particles from the asteroid.
Itokawa’s image from figure 7.15 does not correspond to the view of the asteroid from the north pole. 
As we are assuming planar dynamics it is required that the skeleton is computed with an image viewed 
from the direction of rotation, as it is done in figure 7.24.
We have modelled the body using three different spheres not aligned. The first sphere has non- 
dimensional radius 1, the second 0.5454, and the third sphere a radius of 0.1974. The angle separation is 
29 =  2.9362. Using data from table A.l and the volume of three spheres we can compute the dimensional 
radius of each sphere: 155.63 m, 84.88 m and 30.72. These numbers give us maximum dimension of 
542.15 m.
Figure 7.24: Asteroid 25143 Itokawa modelled with three cotangent spheres where Mi (right most sphere) 
has radius 1, M 2 (centre sphere) has radius 0.5454 and M 3 (left most sphere) has radius 0.1974. The 
angle between the segment joining the centres of spheres 1 and 2  and the segment joining the centres of 
spheres 2 and 3 is 20 =  2.9362 radians.
Using this model of Itokawa’s potential, we compute the necessary position of the equilibrium points 
for different values of the rotation, figure 7.25(a), and then, the zero velocity curves when the rotation 
period is fixed to the rotation of Itokawa: 12.132 hours, figure 7.25(b). Observing these figures we can see 
that due to the lack of symmetry of the body, the equilibrium points deviate slightly from the principal 
axes.
As Itokawa has been visited by a spacecraft there is a good approximation of the gravitational potential 
computed by the Hayabusa mission team. Due to the fact that Itokawa has a longer rotation period, 
12.132h, the relative equilibrium points are not as close to the surface as for Eros’s case. Therefore, with 
an expansion of the potential using spherical harmonics we have enough to compare our model. In [80] 
there is a fourth degree and order expansion which we include in the appendices. In order to compare 
the accuracy of our very simplified potential, we can compare the position and behaviour of the different 
relative equilibrium points. The location of the equilibrium points and the stability eigenvalues for each 
model is shown in table 7.3. Comparing the values of the eigenvalues on the table we can see that there 
is very little difference in the behaviour of the equilibrium points by using different potentials. Therefore, 
with our simplified model using three spheres we can encapsulate the behavioural dynamics near the 
relative equilibrium points.
7.4 Conclusions
In this chapter we have introduced a very simplified model for the potential of elongated bodies, given by 
a set of cotangent spheres, and we have studied the number, location and behaviour of relative equilibrium 
points. Using real asteroids famous for their non-spherical shapes and the technique of skeletonisation.
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(a) Necessary position of equilibrium (b) Zero Velocity curves when the rota- 
points around th e  asteroid Itokawa tion rate is fixed to  Itokawa’s rotation  
m odelled w ith  the three spheres rate.
Figure 7.25: Location and stability of Itokawa’s relative equilibrium points.
Figure 7.26: In red-yellow, zero velocity curves computed with our gravitational potential for Itokawa, 
overlaid with the zero velocity curves computed with the expansion in terms of spherical harmonics in 
green-blue.
X y Al A2
3.173260565
-0.577901831
-3.282495602
-0.567002799
0.004750083
3.001786984
0.037963014
-3.004337833
±0.0762585473 
0.01987012228 ±  0.1410285717% 
±0.1541204043 
0.01893776599 ±  0.1408914505%
±0.2067583743% 
-0.01987012228 ±  0.1410285717% 
±0.2308724802% 
-0.01893776599 ± 0.1408914505%
3.275318396
-0.354929378
-3.314427385
-0.301559712
0.104238101
2.993207992
-0.096939671
-2.975148606
±0.1291115164 
0.05052745984 ±  0.1495988294% 
±0.1473452397 
0.06866616671±  0.1573420742%
±0.2219093204% 
-0.05052745984 ± 0.1495988294% 
±0.2298812997% 
-0.06866616671 ±  0.1573420742%
Table 7.3: Location and behaviour of the relative equilibrium points for asteroid Itokawa computed with 
both models for the potential, where the first four rows correspond to the three spheres model and the 
last four to the spherical harmonics potential.
we have been able to model these asteroids using sets of three or four spheres. When comparing our 
model to more realistic models for the asteroids that have been visited by spacecraft, we have seen that 
our model approximately reproduces the dynamics close to the relative equilibrium points, without the 
computational burden of the polyhedron model.
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In the following chapter, we will study different dynamical N-body problems, and we will use this 
potential for modelling non-spherical bodies.
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8. Non-linear dynam ics and the  
focusing effect around irregular 
asteroids
8.1 Introduction
Asteroids represent the left overs of the formation of the Solar System, encapsulating information on how 
our planet was created: they are the debris that remained after the protoplanetary disk coagulated into 
planets. All the asteroids that have survived until today are the result of millions of years of history, 
from the initial accretion process, to the possible multiple disruptions that they have suffered due to 
catastrophic impacts. The theories developed in the literature about Solar System formation are based 
on the theoretical studies of stellar evolution and observations from meteorites [31]. However, the recent 
missions to asteroids and comets are giving more clues on how the Solar System formation process might 
have occurred.
Nowadays, the scientific community believes that the planets formed from a disk-like volume of dust 
and gas that surrounded the protosun [2, 31, 83]. The protosun is believed to have grown from dust of 
the interstellar medium, by gravitational attraction, and during this process it would have inherit angular 
momentum [83]. Due to the strong gravitational attraction, the protosun contracted and, therefore, to 
maintain constant angular momentum, its angular velocity increased. The high angular velocity is the 
reason why the nebula around the protosun was a disk-like instead of a spherical nebula.
The formation of the terrestrial planets from dust is thought to have occurred in discrete stages [83]. 
First of all, dust grain settled in the nebula disk agglomerating into fluffy aggregates and later into km- 
sized bodies. This process could have been fast, lasting for few tens of thousands of years [2]. It is believed 
that dust grains coagulated via Brownian motion or electrical sticking mechanisms [29, 2], however the 
process is still not fully understood as many other variables might have had an important role. In a second 
stage, which could have lasted around 1 My, the accreted planetesimals became larger, resembling what 
we now call asteroids. Gravitational instabilities may have caused the particles to cluster. The clustering 
process in particular regions of the disk might have lead to dense areas that could have coagulated [2] 
forming the asteroidal bodies. Over the next 10 My gravitational instabilities caused large bodies to 
grow faster than smaller ones. Finally, Moon to Mars-sized bodies collided to form the planets, leaving 
the asteroids and other small bodies as the witnesses of the whole process. Nowadays, all of the original 
protoplanetary disk has disappeared, and asteroids are what is left. This theory, which is accepted by the 
astronomical community, seems valid as massive asteroid belts have been detected around many young 
Sun-like stars.
In the process of accretion of dust and formation of small body aggregates, non-spherical shapes must 
have occurred. Therefore, the non-linear gravitational attraction and the dynamics due to non-spherical 
shapes must have had an important role in the process of accretion and coagulation of neighbouring dust. 
However, this fact is not included in the literature of the Solar System formation.
Using the gravitational potential of the irregular body defined in the previous chapter, the aim of this 
chapter is to investigate how the non-linear dynamics next to the relative equilibrium points could explain 
the focusing of material and the shape and rotation history of asteroids. Using the natural tubes given 
by the invariant manifolds of periodic orbits around relative equilibrium points, neighbouring mass from
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the hot disk during the formation of the Solar System could have been focused on the equilibrium points, 
forming small secondary masses that later could have collided with the asteroid changing its elongation 
and rotation rate. In this chapter, some results of simulations that show that this theory could explain 
the rotation and shape history of asteroids will be shown.
8.2 Tube dynam ics around an asteroid
When the relative equilibrium points of a system have a saddle-centre behaviour, unstable periodic orbits 
emanate from them. These orbits have stable and unstable invariant manifolds that asymptotically 
approach or depart from the orbit. These invariant manifolds form tubes in phase space where particles 
can spend large amount of time. The aim of this section is to show that these tubes can create areas in 
configuration space with higher densities of mass that could lead to the coagulation of mass and formation 
of small bodies.
8.2.1 D efinition of the problem
Assume there is a rigid body uniformly rotating around its maximum moment of inertia which is aligned 
with the z axis. The gravitational potential of the body will be described by three spheres as done in 
the previous chapter. In order to do the simulations we will assume the body plotted in figure 8.1 is 
given which has a symmetry with respect to the y axis. This body has been chosen with a symmetry for 
simplicity and one should note that the results from this section strictly apply to the symmetrical case. 
However, the asymmetric case is qualitatively similar. The equations of motion for a massless particle 
are considered, the RF2BP.
Figure 8.1: Non-spherical body modelled with three spheres where the mass and radius of the three spheres 
is 1, the angle separation is 0 =  1.0 radians and the angular velocity is a; =  0.4 in non-dimensional units. 
The thick black line represents the possible location of equilibrium points studied in the previous chapter. 
The exact location of the equilibrium points is given by the intersection of it with the dotted black line, 
representing the curve of constant angular velocity uj =  0.4.
E q u ilib riu m  p o in ts  an d  period ic  o rb its
As seen in figure 8.1, there are four relative equilibrium points for the angular velocity fixed, given by the 
intersection of the black lines. We are only interested in the ones near the a;-axis as they have a saddle- 
centre behaviour and therefore, unstable periodic orbits exist in their vicinity. Moreover, the energy 
of these equilibrium points will guarantee that particles will approach the asteroid with small relative 
velocities. Due to the shape of the body, the periodic orbits about the saddle-centre equilibrium points
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are not symmetric and will look different from the periodic orbits computed in chapter 3. In order to 
compute a family of periodic orbits for this model the theory described in [59] is followed.
Let S  be a Poincaré section which is transversal to the flow and let r(x) the time-return map so that 
the Poincaré map is written as P(x) =  0r(x)(x), where 0f(x) is the flow of the equations of motion. Then 
the system of equations to solve to find a periodic orbit is the following,
^>r(x)(x) - X
T ( x ) - T  
J(x) -  C
0 ,
0 ,
0 ,
(8 .1)
(8 .2)
(8.3)
where T is the period of the orbit, J(x) the Jacobi constant function and C the value of the Jacobi constant 
desired. The unknowns of the system are (C,T, x) =  {C ,T ,x ,y ,x ,y) .  This system does not need to be 
compatible as in general the period determines locally the periodic orbit and so does the Jacobi constant. 
To solve this issue, what typically is done is to eliminate one equation and one unknown. To compute 
a periodic orbit of a given Jacobi constant, equation (8.2) and unknowns C and T  are eliminated. To 
compute a periodic orbit of a given period, equation (8.3) and unknowns C and T  are eliminated. Finally, 
to compute a periodic orbit of a given Jacobi constant and a prescribed value of a coordinate, equation 
(8.2), the unknown C and the prescribed coordinate are eliminated. Then, the system becomes a non­
square linear system of which we know there is a unique solution. Being a non-square linear system makes 
routines such as LU or QR unusable. Then, the solution has to be found using the minimum norm lest 
squares solution for an arbitrary linear system.
i:P:i
Figure 8.2: Family of periodic orbits about the two saddle-centre equilibrium points. The families have 
been continued until the last orbit intersects the body.
Invariant manifolds
Due to the fact that the periodic orbits are unstable, the invariant manifolds can be computed. As the 
aim is to study the focusing effect around the equilibrium points, we are interested in the study of the 
stable manifold, i.e. the tube that trajectories follow to approach the periodic orbit from the exterior 
realm of the zero velocity curves. Therefore, the stable manifold that comes from the exterior realm will 
be followed in reversed time until it crosses a particular Poincaré section. The Poincaré section chosen 
is a circle of radius 10. The radius has been fixed to 10 as it is sufficiently far from the body but allows 
the manifolds to intersect the circle without having to perform too long integrations that would result 
in significant numerical error. The points on the circle that belong to the different stable manifolds for 
different energies will be used in the following sections as a set of initial conditions for trajectories.
Observing figure 8.3 one can see that as the amplitude of the orbit becomes larger the stable manifolds 
intersect a larger fraction of the circle. Due to the continuity of the dynamical system, by integrating
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Figure 8.3; Twenty five trajectories of the stable manifold integrated until the circular Poincaré section 
for the smallest orbit considered and the largest.
a much larger number of trajectories from the manifolds of the different orbits, the full circle will be 
covered, which can be seen in figure 8.4.
■10
■3
3
(a) Position of the intersection of the invariant mani­
folds and the circle o f radius 10 centred at the origin.
(b) Velocity of the stable manifold at the circle of 
radius 10.
Figure 8.4: Position and velocity of the stable manifold of both families of orbits from figure 8.2. We 
have considered 650 orbits starting from the smaller one with a Jacobi constant of -1.9918 and the larger 
one with Jacobi constant of -1.8622 in non-dimensional units. The difference in Jacobi constant between 
orbits is 0.0002. For each orbit 1000 trajectories of the invariant manifolds have been considered.
8.2.2 The hot disk and the density distribution o f mass
In the vicinity of the rotating body, if there is a constant supply of mass, trajectories will approach the 
equilibrium point and the neighbouring orbits through the stable manifold and leave the area through 
the unstable manifold, staying longer around the equilibrium point region. Therefore, trajectories will 
create a higher density of mass around the equilibrium point compared to everywhere else. Trajectories 
that do not come from the area around the manifolds have higher energies, which allow them to travel 
everywhere in phase-space, and hence, they do not contribute to the density. This constant supply of 
mass could have happened during the early years of the formation of the Solar System when there was a 
hot disk of mass orbiting the protosun, and a small non-spherical body had accreted.
In order to model the density of particles in the vicinity of the rotating body, a uniform distribution of 
initial conditions close to the stable manifolds of a family of periodic orbits is selected. In the integration 
previously done in figure 8.4 a large set of points from trajectories from the manifold on the circle of 
radius 10 were computed. To select a uniform subset of them and in order to avoid any biases, the
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following process is carried out:
1. For each point on the Poincare section of the circle, the position angle (j) of the point on the circle 
is computed. The angle 0 is measured from the x  axis counter clockwise.
2 . For each point on the Poincaré section, the angle a  of the velocity as well as the magnitude of the 
velocity v are computed, a  is measured from the same axis as 0 .
3. A 3D grid of initial conditions is overlaid on top of the points on the circle. The grid is 360 x 360 x 60 
where the first dimension is for 360 different angles 0, the second dimension for 360 angles a  and 
the third dimension for 60 different values of v starting at 3.55 and ending at 3.59 (these values 
come from the magnitude of the velocities plotted in figure 8.4(b)). For each point on the Poincaré 
section the following is computed
• a = [0 J, 
m b = [a j.
# c =  — L^ / 0 qJ, where A =  0.04 =  3.59 — 3.55 is the witdth of the circle plotted in figure
8.4(b).
4. Then, if grid[a] [6 ] [c] is empty, we set it to full. Therefore, the coordinates a, b and c will represent 
a trajectory.
The subset of uniform initial conditions will then be given by the cells of the grid[a] [6 ] [c] that are not 
empty. For each non-empty cell the initial condition will be
X  =  10cos{o7t/180), (8.4)
y  =  10sin(air/180), (8.5)
UJ =  0.4, (8.6)
X  =  ( c ^  +  3.55)  cos(67t/18Q), (8.7)
ÿ  =  ( c ^ + 3.55)  sin(67r/180). (8.8)
Then, this initial condition is integrated for a maximum time-span with fixed time step. At each time 
step the position of each trajectory is overlaid on a 2D density grid. Each cell of the grid has a counter 
which is incremented if a trajectory at any time step falls on it. Thus, the cells with higher number will 
have possibly many trajectories crossing them, single trajectories that spend more time on them, or a 
combination of both. The grid cells with a higher number will then represent higher densities of material.
Analysing figure 8.5 it is possible to observe that higher densities of particles accumulate in the vicinity 
of the two saddle-centre points. Moreover, even though the problem is not symmetric, approximately 
the same density seems to accumulate on each point. If the supply of material from the hot disk does 
not stop, these two areas will always have more particles than anywhere else on phase-space. Then, it is 
possible that the material might coagulate and form small bodies which we can consider to have a small 
mass. Assuming that mass coagulates in both equilibrium points, we need to consider the equations of 
motion of three bodies.
8.3 T he Full Three B od y  Problem
8.3.1 Derivation o f equations o f m otion
Assume there are three rigid bodies orbiting their common centre of mass, where two of the bodies are 
spherical and the other is a body of arbitrary shape. Later we will do the case where the general body 
is formed by a set of cotangent spheres. In an inertial frame centred at the barycentre of the system the 
following equation is satisfied
m irm i +  m2rm2 +  M rg =  0, (8.9)
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(a) D ensity grid w ith  initial conditions from the sta- (b) Density grid w ith  initial conditions from the sta­
ble manifold of the left fam ily of periodic orbits. ble manifold of the right fam ily o f periodic orbits.
r
(c) D ensity grid combined.
Figure 8.5: Density grid with initial conditions on the circle with radius 10 and the saddle-centres 
equilibrium points represented by a *. The initial conditions form a uniform subset of the ones plotted 
in figure 8.4.
where the vectors are plotted in figure 8 .6 . Defining the relative position vectors and V2 as r i  =  
and V2 =  Vm2 ~  it is possible to write the position of the three bodies as a function of them,
miFi -t- mgr2
r B  =  -
Then, the kinetic energy
M  -I- mi +  m 2 ’ 
M r i  - h  m 2 ( r i  -  r 2 )  
M  -t- mi 4- m 2 
M v2 +  mi(r2 -  ri)  
M  -t- m i  +  m 2
T  = - M v I yb +  %mir_ +  -m 2h
can be written as
T  =  — -j- —T--------------------
2 2(Af 4- mi 4" m 2 )
(m i(M  +  m 2 )r'/r'i -b m 2 (M 4- m i)ra r '2 -  2 m im 2 r^ rg ) ,
(8 .10)
(8 .11)
(8 .12)
( 8 . 1 3 )
( 8 . 1 4 )
( 8 . 1 5 )
8.3. The Full Three Body Problem 137
CO
Figure 8.6: Full three body problem with two bodies modelled as spheres in an inertial frame, 
and the potential energy using the relative distances can be expressed as
U = -G M m iU i  -  GMm2U2 -  =  - (F i  +F^ +  Fg]
|ri -  T2
^  a n d  172 =  * ; , $ ^
dm{p) located at the position p  from the centre of mass of the body.
(8.16)
where Ui = ^   U2  ^  are the integrals over the body of the element of mass
Total energy and angular m om entum  The expressions for the conserved quantities E  and K  are 
the following
E  =  T  + U, 
K  = lu! +
M  +  mi +  m 2
(8.17)
(m i (m 2 +  M )r\  X r'l +  m 2  (mi +  M )v\  x r '2 -  m im 2 (r^ x r'l +  r  1 x r^)} .
(8.18)
In a Cartesian inertial frame of reference the equations of motion are the following. 
Orbital equations
m i(M  +  m2)r'/ -  mim2rg =  - ( M  +  mi +  m 2 ) 
m2(M + mi)r2 -  mim2r'/ =  - (M  +  mi +  m2 )
dU
ô r i ’
dU
dr2'
R otational equation
=iV  = r . x — + r a x  — = r . x — + r , x — .
For the particular case of the rigid body formed by a set of n cotangent spheres
Mi
Fi =  Gmi
i= l
F3 =
i = l
Gmim2
| r i  -  r 2 |
n  -  Si
Mj 
|r2 -  Si
(8.19)
(8 .20)
(8 .21)
(8 .22 )
(8.23)
(8.24)
138 8.Non-linear dynamics and the focusing effect around irregular asteroids
where Mi are the masses of each sphere forming the rigid body and s* the position of its centre. We 
recall, that these potentials are only valid outside of the spheres, as inside the potential has a different 
expression. As we are only interested in the dynamics outside the non-spherical body, we are using the 
point mass potential of spheres, but we need to take into account that the equilibrium points that might 
appear inside might not be valid or be located in a different position.
In order to make the equations non-dimensional the fundamental unit of length considered will be the 
radius r  of the first sphere of the general body which has mass M i, and the fundamental unit of time 
t' - nt  where Then, if i/i =  m i/M i, 1^ 2 = m 2 /M i, m =  M /M i, r i  =  {xs^, z/sj, 1*2 =  {xs2 ,ys2)
and I =  the equations of motion in a rotating Cartesian frame centred at the rigid body’s centre
of mass can be written with the following expressions.
dU
X.
8.3.2 R elative equilibrium  points
The relative equilibrium points are solutions of
— 2ujÿs2 ~  ^yS2 ~ J^XS2) =
-b 2ujXs2 d" djXs2 —^  ys2 ) ~
— 2wÿsi — djysi —0} Xsi)  —
-b 2u)Xsi d” ^Xsi  —^  y  Si) —
, /  d U d u \  _
d x s 2 j
dxsi
dU
—(m-l-z/i -b f/2 )-
dxs2
2 ..........................  . . o . , ^  a t /
oo^{i'i{i^2+m){-Xsi) + i'iU2Xs2) = - ( m  +  i/1 -bf/2 ) ^ ^ ,  (8.25)OXsi
+  m ) { - y s i ) +  iyii'2ys2) =  - ( m  +  r/i 4- 1/2) ; ^ ^ ,  (8 .26 )
^>J^{^2{yi->rm){-Xs2)+ ^iV2Xsi) =  - (m - l-z /i+  1/2 ) ; ^ ^ ,  (8.27)
OXs2
(z/2 (%/i +  m )(-y s 2 ) -1-1^1 Z/2 Z/S1 ) =  - { m  + ui U2) , (8.28)
^VS2
dU d U \  f  dU dU
8%. d x . J d y . ,’■ 'S i 0  2 / s i  o  I T  I X s 2  o  P s 2  o  )  —  0 .  ( 8 . 2 9 )
In this section we are interested in a particular subset of the equilibrium points. Figure 8.5 made us 
assume that the mass in the density coagulates in the same way on the relative equilibrium points for 
the massless particle. Therefore, when the general body is modelled with three spheres with at least one 
symmetry, we are interested in the equilibrium points that satisfy that the spherical masses are equal and 
are symmetrically located. Then, we look for equilibrium points such that =  1/2 =  z/, Xs^  =  —Xs2 , and 
2/si =  2/s2 - For this particular case, the equations of the relative equilibrium points reduce to
i/cu^Xsi =  , (8.30)
The necessary condition for the spheres to be in this relative equilibrium configuration is then
(8.32)
dxsi m  dys
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and the angular velocity at equilibrium has the following expression
1
+2/m) w a:
dU m  + 2u dU
^si + ----------à—m  dps
(8.33)
In figure 8.7 the shape of the curve of the necessary condition for equilibrium point is plotted for different 
masses v. The exact location for the equilibrium point when w =  0.4 is given by the intersection of the 
curves.
(a) V =  0.01 (b) V =  0.05 (c) V =  0.1
Figure 8.7: Necessary condition for an equilibrium point. The thick black line represents the necessary 
condition for the equilibrium points of a massless particle. The dotted black line corresponds to the 
constant angular velocity of a; =  0.4 for the massless particle. The thick red line corresponds to the 
necessary position for the symmetric case of the equilibrium configuration for the two spheres with equal 
mass. The dotted red line corresponds to the constant angular velocity of w =  0.4 in that case. In order 
to plot the small two masses we have assumed that they have the same density as the spheres of the 
general body.
Observing figure 8.7 it is possible to see that the location of two branches of the necessary condition of 
equilibrium points for the spheres is close to the necessary condition of equilibrium point for a massless 
particle, in particular, when the masses of the spheres are small. Thus, when accumulating a very small 
mass on the equilibrium point for the masless particle in a very long time, the transfer to the equilibrium 
point for the spheres with mass could be done as an adiabatic process. In simulations however, a discrete 
process has to be considered. The density simulations are computed again but considering that a very 
small mass exists in both of the relative equilibrium configurations for the spheres. As the mass is very 
small the distance between the equilibria for the massless particle and the equilibria for the spheres is 
very small. The massless particles will then be integrated in the vicinity of three bodies. Therefore, the 
symmetric restricted full four body problem has to be considered.
8.4 T he Sym m etric R estricted  Full Four B od y  Problem  (spheres 
in equilibrium ), SyR F 4B P
From the F3BP we have the following description of the system:
• a rigid body with a symmetry and with centre of mass located at the centre of a rotating frame 
which has the y axes aligned with the axis of symmetry of the body,
• two equal spheres located at the symmetric equilibrium points of the F3BP close to the x  axis.
Now a massless particle is added in the vicinity of the system. In order to simplify the equations, it is 
easier to shift the centre of the frame to the barycentre of the whole system.
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Figure 8.8: Symmetric restricted full four body problem (SyRF4BP) with two bodies modelled as spheres 
in a rotating frame rotating with the general body centred at the barycentre of the whole system.
8.4.1 Equations of m otion
The equations of motion for a massles particle are the following
X — 2ujÿ — uj X 
ÿ +  2ujx — (J^y 
where the potential has the following expression
t / =  — + —
P st P s2
æ
æ
dy-
+ mUb,
(8.34)
(8.35)
(8.36)
Ub= ^  is the potential of the rigid body and =  \ / { x -  Xs^Y +  (p -  VsiY for i =  1,2.
Changing coordinates again such that the origin of the frame is the centre of the body and using the 
same variables x  and y as the position of the massless particle, the equations of motion can be written as
(8.37)
(8.38)
uy
where V  = U -\- •
X -  2(x)ÿ — ÜJX 
ÿ +  2ujx -  uP'y
8.4.2 D ensity  distribution o f m assless material
Once the equations of motion of the SyRF4BP are known, the same initial conditions from the Poincaré 
circle of radius 10 can be integrated but assuming that the mass u of the two spheres changes. In order 
to understand what happens to the density distribution around the saddle-centre point area which now is 
occupied by spheres, the same simulations are reproduced. In particular we have investigated the cases of 
u =  0.0001,0.001,0.01,0.1, and the value of v that, assuming that all the spheres have the same density, 
makes the new ones cotangent with the body. For the body considered this value is =  0.19485407833. 
In figures 8.9 and 8.10 the density of particles has been plotted for different systems with different mass 
parameter u. For each v, the location of the equilibrium points for spheres changes and therefore, each 
simulation has a different configuration of the spheres. In figures 8.9 and 8.10 the impacts of the particles 
with the masses have been added as well. When an impact with any of the spheres is found, the cell in 
the grid where the impact happens is not incremented by 1 as before but incremented by where
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(a) u =  0.0001 (b) Im pacts on the bodies
(c) V =  0.001 (d) Im pacts on the bodies
(e) 1/  — 0.01 (f) Im pacts on the bodies
Figure 8.9: Density distribution when u =  0.0001, u = 0.001 and u — 0.01. On the left column the 
density is represented with a colorbar up to 1500. Therefore, the areas of impact have the higher values. 
On the right column the impact areas have been zoomed in and the colorbar gives the information of the 
impacts.
tmax is the maximum time of integration, t the time at impact and h the constant time step. In table 8.1 
a summary of the impacts is shown.
Observing figures 8.9 and 8.10 it is possible to see that as the mass u increases the density around the 
sphere decreases. However, when observing table 8.1 one can see that the density decreases as the number
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(a) u =  0.1 (b) Im pacts on the bodies
(c) V =  0.19485407833 (d) Im pacts on the bodies
Figure 8.10: Density distribution when z/ =  0.1 and u =  0.19485407833.
U Trajectories Impacts Ml M 2 Ms sphere left sphere right Escape
0.0001 119047 22007 215 24916 3086 2863 65661
0.0005 119047 20706 194 23566 5335 5044 63891
0.001 119047 19955 195 22567 6872 6380 62749
0.005 119047 17514 138 19884 12677 11745 56870
0.01 119047 15767 147 18490 16686 15755 52014
0.05 119047 10809 55 16793 29120 29528 32708
0.1 119047 10651 110 19027 31433 32585 25227
0.19485407833 119047 10901 2622 19362 30213 32211 23738
Table 8.1: Impacts on the different spheres depending on the mass parameter u
of impact on the spheres increases, and therefore, the spheres are accumulating mass. Trajectories that 
before spent a longer time around the equilibrium point for a massless particle now impact the spheres 
where the integration is then stopped. Hence, the two new spheres act as a magnet for the particles, and 
the larger they are, the more particles impact on them. Therefore, the number of particles that escape 
the vicinity of the body reduces as well, and more material is focused on the spheres.
Table 8.1 also shows that the trend of increasing number of impacts on the new spheres reaches a 
maximum and starts decreasing. For u = 0.19485407833 the number of impacts is smaller than for 
1/ =  0.1 whereas the impacts on the spheres of the initial body increase. This fact is due to the change in 
zero velocity curves for the fixed initial conditions used when the mass parameter is varied. In particular.
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when u =  0.19485407833 the forbidden regions are smaller and more surface of the three spheres forming 
the body is exposed.
X i o "3.5
2.5
-  1.5
0.5
Figure 8.11: Number of impacts as a function of v on the growing spheres. In blue, the impacts are on 
the sphere locate on the right of the body and in red, on the sphere located on the left.
In this section it has been seen that given initial conditions for trajectories that belong to the stable 
manifold of periodic orbits around the saddle-centre points, more of these trajectories impact on the 
spheres that replace the saddle-centre equilibrium points as the mass parameter u increases. This fact 
enables us to consider that once the initial density coagulates in small particles in the vicinity of the 
equilibrium points for a non-spherical body, more trajectories will accumulate in the same region. As the 
assumption is that the process is done adiabatically, in long periods of time, as more mass is accumulated 
in a continuous fashion, the equilibrium points for the spheres will transit to the correct locations con­
tinuously. Thus, a mechanism for the coagulation and formation of small bodies is proposed that takes 
into account the non-linear dynamics around irregular bodies. In the simulations the two spheres (left 
and right) approximately increase at the same rate. However, when using an initial body that is not 
symmetric this fact will be different.
8.5 Change o f rotation and inertia
At the moment when the growing spheres touch the body, something must happen. Assuming that the 
two spheres fuse with the central body the shape and rotation of the body will change. As there are no 
external forces to the system, the total angular momentum of the body has to be conserved. For the 
particular case being studied, where the spheres are equal and symmetrically located, the expression for 
the angular momentum in non-dimensional coordinates at the appropriate equilibrium configuration has 
the following expression.
ÜJ
(8.39)
where I 3  is the third diagonal component of the inertia matrix. We recall that 2 -1- is the mass of the 
body formed by three spheres where /a is the non-dimensional mass of the central one, and u is the mass 
of each of the growing spheres.
After the two spheres have fused into the body, and assuming that the change of rotation happens 
instantaneously, the body will be formed by 5 cotangent spheres rotating uniformly. Therefore, the 
angular momentum will be A' =  l 3 CÜ. In order to compute which will be the final rotation of the body 
the old and new inertia matrices have to be computed.
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(a) 3 spheres (b) 5 spheres
Figure 8.12: Description of the bodies formed by spheres
In e r tia  m a trix  for b o d y  w ith  th re e  spheres
I  =  Ï M i +  I m 2  +  I m s  =  g  { M i r f  +  +  M ^ r" ^  ■ I d  + (8.40:
+
Miyi + M2V2 + M3V3 - { M i x i y i M 2X2V2 M3X3y3) 0
—{Mixiyi  +  M2X2V2 +  M3X3V3) Mix? +  M 2 X2 +  M sxl 0
0 0 M i ( x i  +  2/1) +  M 2 (x ?  + 1 /2 )  +  M s ( x 3  +  2/3)
For the example case where the body is symmetric with respect to the y axes, Mi =  Ms =  1, Mg =  /i, 
n  =  rs =  1, rg =  2 :3  =  —xi, X2 = 0, yi = ys and 7/2 =  Then
I3  — 7 ( 2  +  +  2 (x? +  yl)  +  jxyl.
Using that x i  = —(1 +  rg) sin0 and yi = — j j ^ ( l  +  rg) cos0
I3  =  | ( 2  +  M®/") +  2 ( 1  +  ^ '/r +  2
(8.41)
(8.42)
In e r tia  m a tr ix  for b o d y  w ith  five spheres When the two bodies fuse, the centre of mass of the 
system is not at the centre of the frame anymore. The location of the centre of mass is {xcm.ycm) ~  
(0, g+^ i^gpZ/s)- The inertia matrix has then the following expression
Ï =  -  (2 +  / / ^  +21/5/3). +
T  2 f /
(2/2 -  Vcmf 0 0
0 0 0
0 0 (yg -  VcmY
ivs -  Vemf 0 0
0 
0
{ y i  -  y c m f  - X l { y i  -  ycm )  0
- X i { y i - y c m )  x f  0 +
0 0 X? +  (yi -  2/cm)^
(2/3 -  y c m f  - X 3 { y 3  -  ycm )  0
-X3{y3-ycm ) x'à 0
(8.43)
+
a;: 0
2 1 \2
0 0
(8
a=3 +  (Z/3 -  y c m Y
44)
0 +  {ys -  ycm)
Therefore,
Ï3 =  | ( 2  +  +  2,3'S/ )^ +  2(1 +  ^V3)2 +
2 +  // +  2i/
As the angular momentum is conserved the following equation has to be satisfied
w
I3 W =  I3 C1; + 2ï/ +  2 + (2i/(i/ +  /r +  2)(x?^ +  2/si) -  2i/^(y?j -  x ?J) ,
(8.45)
(8.46)
(8.47)
and therefore, it is possible to compute the final angular velocity after the bodies have fused. For the 
example case in this chapter, w =  0.3982415909548749, which means that it has reduced after the spheres 
fused.
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Figure 8.13: Contours of ü  as a function of the mass parameter v and the original angular velocity u). 
For each uj and u the equilibrium position for the spheres has been computed. In this plot, the
densities of the growing spheres vary, as it is assumed that the radius of each sphere has the appropriate 
distance to make the spheres touch the body.
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Figure 8.14: Difference in angular velocity and period (in non-dimensional units) before and after the 
spheres fuse into the body for different mass parameters v.
The angular velocities used in non-dimensional coordinates have been uj G [0.1,1] this choice of velo­
cities is motivated by real asteroids. The dimensional angular velocity \ s  i t  =  uj ■ n  where n  =  =
y/GpA/^ir, where p is the density of the sphere. The majority of asteroids have periods between 2 and 
20 hours, and their density between 1000 kg/m^ and 4000 kg/m^. Then, by plotting constant contours
of T  = 27T we can see that cu G [0.1,1] is a good choice.
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Contours of T
p (kg/m^)
Figure 8.15: Contours of constant period T from 2 hours to 20 hours as a function of the density of the 
body and the non-dimensional angular velocity.
8.6 The growth and rotation  history o f asteroids
Starting from a non-spherical body formed of three spheres, it has been seen that the tubes given by the 
invariant manifolds can focus material around the equilibrium points, where mass could coagulate and 
form small bodies. These new bodies can then grow by the same mechanism, very slowly, maintaining 
the equilibrium configuration. The natural question at this point is whether this mechanism can continue 
as long as there is enough supply of material.
First of all, one should note that in the example considered, and assuming that the density of all 
the spheres is the same, the small spheres grow until they become cotangent with the body and fuse. 
However, this does not have to happen for all system parameters. For a fixed rotation of the central body, 
as the masses of the small spheres increase due to impacts, their centres separate from central body, and 
it might be possible that they never touch its surface.
' O
Figure 8.16: Change in location of the spherical masses as they grow.
In the cases where the masses touch, a change of rotation and inertia will happen. However, when the
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masses do not touch, separate bodies will have been formed. The parameter that has an important role 
in deciding which of the two cases will happen is w, as seen in figure 8.17.
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Figure 8.17: Approximate radius of the spheres to have them cotangent with the body for a particular 
shape 6 = 0.6 and ^ = 1 .  Blue lines represent constant contours of co starting from 0.1 at the top of the 
graph and finishing with 1 at the bottom. The thick black line represents which is the radius of the 
growing spheres when they have the same density as the body. Therefore, only for the üü where there is 
intersection between the curves, the fusion of the bodies is possible.
In the case that the spheres fuse with the body, then we will have a non-spherical body rotating 
with constant angular velocity, which will have been changed slightly (in the example case, uj went from 
0.4 to 0.3982415909548749). Hence, equilibrium points for a massless particle will exist in its vicinity, 
together with periodic orbits and invariant manifolds. Then, the whole process can be repeated. Using 
the equations of motion of the F3BP and the RF4BP but now assuming that the central body is formed 
by five spheres and its angular rate computed using equation (8.47), the equilibrium points for a massless 
particle and symmetrical spheres growing can be found.
Due to the fact that the process can be repeated and the spherical masses might be able to grow and fuse 
with the body again as shown in figure 8.18(b), we aim to know if the process stops at some point. For the 
example case that we have been considering during this chapter, it is possible to compute the new inertia 
tensor and the new rotation after the 6th and 7th sphere fuse. In this case ù  =  0.3982576457944251, 
which is larger than w. For this angular rotation, the equilibrium points for a massless particle can be 
computed. However, when observing plot 8.19 of the location of the equilibrium points, one can see that 
they fall inside the body. This means that these equilibrium points are not valid as the equations of 
motion are not valid inside the spheres. Inside the spheres the potential of a solid sphere has to be taken 
into account. Thus, for this particular case, we need to study what happens using the real potential of a 
sphere, as the equilibrium point might not exist or exist in another location.
Given a sphere of mass M  and radius r  centred at the point (a, 6), the gravitational potential a t a 
point {x, y) has the following expression
M
U{x,y) = \ y'(rB-a)2 +(j/-6)2 ’
# ( 3 r 2 - ( z - a ) 2 (y  -  6 )'
{x -  aY  +  (% - hŸ  > 
otherwise.
( 8 . 4 8 )
In plot 8.20 the zero velocity curves for a massless particle considering the real potential of spheres have 
been plotted for different energies for the case of 5 and 7 spheres. It is possible to observe that when
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(a) Location equilibrium points for m assless particle (b) Location equilibrium points for cotangent spheres
Figure 8.18: In (a) the intersection between the thick green line and the dashed line gives the location 
of the equilibrium points for a massless particle. The thick line correspond to the necessary position to 
be equilibria and the dashed line the constant contour of u) =  0.3982415909548749 for the particular case 
studied 0  = I ,  iJ, = lu> — 0.4. In (b) the intersection of the thick blue line and the dashed line gives the 
location of the equilibrium points for two equal spheres symmetrically located. In the plot the mass of 
the small spheres has been chosen such that they are cotangent.
- 4 -
Figure 8.19: Location of the equilibrium points for a massless particle given by the intersection of the 
thick gold line and the dashed gold line. In this case w =  0.3982576457944251.
adding the 6th and 7th masses the saddle-centre equilibrium point still appears, but this time inside the 
smallest sphere.
If an equilibrium point which has a saddle-centre behaviour exists inside the body, theoretically, pe­
riodic orbits for a massless particle will still exist (although inside), and therefore, also their invariant 
manifolds. Thus, material from the exterior realm will approach the body using the invariant manifolds 
until it impacts with the surface of the body containing the equilibrium point. Therefore, in this case, 
the material from the hot disk will not coagulate to form a new body, but will contribute in increasing 
the size and the density of the external spheres, changing the shape of the body with time.
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(a) Zero velocity curves for the case 
w ith 5 spheres
i i / f /y
(b) Detailed image of (a)
W'. t V i
(c) Zero velocity curves for the case (d) D etailed image of (c)
with 7 spheres
Figure 8.20: Zero velocity curves using the real potential of the five and seven spheres
In conclusion, there are two ways to stop the process of focusing of material around irregular asteroids. 
The first one is when the spheres formed do not fuse with the body and they become separated bodies. 
If by any disturbance the new bodies escape from the vicinity of the non-spherical one, the process might 
repeat. The second one, which happens after several cycles of growing spheres and fusion, is when the 
final rotation of the body makes the relative equilibrium points for a massless particle be inside the body. 
In this case, the invariant manifold will lead material to the vicinity of the non-spherical body until it 
impacts with its surface. Therefore, new bodies will not coagulate but the shape, size and mass of the 
non-spherical body might change. The number of cycles of growing spheres and fusion will depend on 
the initial shape of the body and initial rotation.
8.7 Conclusions
In this chapter we have proposed a methodology that, together with other mechanisms, can be used 
to explain the coagulation of mass during the early years of the formation of the Solar-System. This 
methodology makes use of the non-linear dynamics near rotating non-spherical bodies, that arise next to 
relative equilibrium points. We have shown how the tubes that emanate from the saddle-centre equilibria 
can have focused material from the planetary disk, with low relative velocities, creating high density 
areas, where mass could be accreted, forming small bodies. As the mass of the small body is increased 
the focusing effect is more pronounced. The small bodies accreted, depending on the shape and rotation of 
the initial non-spherical body, can then either separate from the vicinity of the body due to perturbations 
or fuse with the body, changing its shape (they become more elongated), moment of inertia and rotation.
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This process can be continued until the shape and rotation of the body are such that the equilibrium 
points fall inside. In this case, the growth mechanism changes as the material being focused from by the 
manifolds will be distributed around the surface of the body.
Asteroids that we see today are the result of millions of years of evolution, and their shapes might have 
changed due to high energy impacts that we have not considered in this chapter. Hence, this chapter does 
not pretend to explain the current shapes of the asteroids, but gives a mechanism of how the non-spherical 
shape of the first bodies of the Solar-System might have helped in clearing the nebula of dust around the 
protosun, by focusing material in particular regions.
9. Conclusions and Future Work
In this chapter a summary and brief collection of conclusions made through the analysis of the different 
chapters is presented. This leads to a discussion about the goals achieved throughout the research and 
the contribution to the state of the art of the different topics studied. Finally, possible directions and 
ideas for future work are described.
9.1 Sum m ary of th e  research
In this thesis the dynamics for a massless particle or spacecraft around non-spherical bodies have been 
analysed. In particular, the gravitational field of non-spherical asteroids and the non-Keplerian orbital 
dynamics that result from it have been studied. The work has been applied to single bodies uniformly 
rotation and binary bodies or multiple systems rotating around their common bar y centre. Therefore, 
different mathematical models to describe the dynamics have been used.
In chapter 2, a gravitational potential of an elongated body based on an expansion in terms of sphe­
rical Bessel functions and spherical harmonics was proposed. This gravitational potential satisfied both, 
Laplace and Poisson's equations, and therefore, could be used to study the orbital dynamics near the 
surface of the body as well as far away from it. The novelty in the use of this expansion of the potential 
is the particular choice of its coefficients, given a reduced amount of information about the non-spherical 
body. The coefficients were chosen in such a way that the gravitational potential computed matched 
smoothly with the spherical harmonics expansion of the body at the circumscribing sphere. Using par­
ticular non-spherical shapes such as a constant density ellipsoid or asteroid Eros, it was shown that, 
without adding computational burden, the gravitational potential developed represented the dynamics 
around the body better than the spherical harmonics approach. Moreover, other choices of coefficients 
were also made, that guaranteed that, not only the potential was a smooth function defined everywhere 
in space, but that the dynamics resulting from it had the equilibrium points at a desired given location. 
Therefore, the model for the gravity of an irregular body proposed in this chapter allowed for the study 
of complex dynamics, using a very simplified potential.
Chapter 3 studied the dynamical environment of a rotating non-spherical body, the RF2BP, when the 
gravitational potential up to second order developed in the previous chapter was used. The non-spherical 
body was modelled using two shape parameters, a x  and a y ,  and the rotation period of the body T or 
its angular velocity oj . A summary of the published results expressed in our own formulation were shown 
and the effect of these parameters in the dynamics was analysed. A special emphasis on the behaviour 
of equilibrium points and invariant manifolds of periodic orbits was given. In this study, it was observed 
that the invariant manifolds approached the body and sometimes even impacted on it, making them 
very attractive as fuel-firee paths for spacecraft to approach the body or even land on it. Moreover, the 
study of dust behaviour around the body showed that the stable manifolds of periodic orbits classified 
the possible short term behaviours of ejecta on the surface of the body. In order to understand the long 
term dynamics of ejecta Markov chains were used, and it was concluded that after continuous cycles of 
impacts and expulsion of ejecta the final distribution of ejecta would not depend on the initial one, and 
that it will tend to circularise the body.
In chapter 4, using the theory developed in the previous two chapters, a lauding strategy using invariant 
manifolds of periodic orbits was designed. The set of landing manoeuvres described in the present thesis 
are valid for asteroids that have the saddle-centre equilibrium points outside the body. In particular, 
the landing strategy is more suitable for elongated asteroids that have rotation periods longer than 10
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hours. Longer rotation periods make the invariant manifolds circulate around the body several times 
before impacting on them. Therefore, the spacecraft has more time to observe and study the asteroid 
at close proximity, before deciding to land on it. It was observed in chapter 3 that the manifolds that 
intersect the asteroid do so in a very tangential fashion. Hence, in order to achieve a vertical landing 
and so to reduce the possibility of going again into orbit after touch down, a simple pd controller was 
implemented in this chapter. This controller, using orthogonal elliptic coordinates, guaranteed that the 
last leg of the landing trajectory was always perpendicular to a set of confocal ellipses, where the smallest 
represented the target body. The whole landing trajectory, from a quasi-circular parking orbit to the 
surface of the body, was achieved for a total At; of 0.12 ms“  ^ for asteroid Nereus. As the analysis of the 
landing was carried out with only the period of rotation and shape parameters of the asteroids (which are 
non-dimensional), the value of Av can be extrapolated to asteroids of different sizes. Thus, the method 
developed in this chapter for landing on asteroids with similar rotation period as Nereus guarantees a 
A r of less than 0.15 ms~^ for asteroids with semi-major axis of 1 km, or a Av of less than 1.5 ms~^ for 
asteroids with semi-major axis of 10 km and similar shape as Nereus.
Whereas the previous chapters dealt with massless particles next to a rotating non-spherical body, 
chapter 5 dealt with the dynamics of two rigid bodies orbiting each other when they both had mass and, 
at least, one of the bodies was considered to be non-spherical: the F2BP. When considering that one 
of the bodies was a sphere and the other one an elongated body, using the external potential only, the 
knowledge of the relative equilibrium points known in the literature was summarised in our own expression 
of the equations. Furthermore, the possible saddle-saddle behaviour which had not been mentioned in 
literature was added. Also, the near equilibrium dynamics, where the spherical body moved close to the 
equilibrium configuration, were considered. Symmetric periodic orbits with a fixed energy and angular 
momentum were found that were later used in the following chapter as underlying dynamics. As the non­
equilibrium dynamics are complicated and it is not possible to solve them analytically, the possibility 
of approximating the motion of the sphere near the elongated body with a linearised pendulum was 
studied. It was shown in this chapter that, although the pendulum was a very simple approximation of 
the dynamics, it encapsulated information of the trajectory of the sphere such as its amplitude. Finally, 
motivated by real binary systems where both bodies are non-spherical, the possibility of considering the 
full equations of motion was investigated. For the case where there was a different time scale in the 
rotations of each component, the full equations were averaged over the rotation of the fastest component. 
By averaging, a good approximation of the relative equilibrium dynamics that differed slightly from the 
spherical restricted F2BP (SRF2BP) equilibrium point was found.
In chapter 6 the dynamics of the RF3BP were studied, where it was assumed that the underlying 
dynamics of the binary body were the ones explained in the previous chapter, the SRF2BP. The cases 
where the binaries are in an equilibrium configuration and when they are close to equilibrium were treated 
separately. When the primaries are in relative equilibrium, as shown in the literature of the topic, the 
problem resembles the well known RTBP. However, there are some differences in the behaviour of the 
equivalent Lagrange points. In this thesis, we proved analytically the instability of the collinear Lagrange 
points of the long axis equilibria and of Li and L2 of the short axis. Moreover, we showed that Lg of the 
short axis can have different behaviours that do not seem to have been mentioned before in the literature. 
As the short axis equilibrium configuration for the binaries seemed to be the most interesting one due to 
this change in behaviour of Lg, this chapter investigated the dynamics near it for different shapes of the 
non-spherical body and different mass parameters. In particular, special attention was given to the study 
of the existence of stable and unstable horseshoe orbits, and the stable orbits about Lg. It was concluded 
that the number of horseshoe orbits decreased as the elongation of the body or the mass parameter were 
increased. When considering that the spherical body was not in equilibrium but in a small periodic orbit 
around it, we focused on the study of the comparison of frequencies of oscillation and the location of 
the osculating Lagrange points. We concluded that in the majority of cases the three time-scales present 
in the problem of a massless particle orbiting a binary body were comparable. Therefore, it is difficult 
to predict the behaviour of the massless particle when the equilibrium configuration of the primaries is 
broken. Moreover, analysing the location of the osculating Lagrange points we showed that increasing the 
mass parameter of the binaries increased considerably the amplitude of some of the orbits of the osculating 
equilibrium points. Furthermore, some impacts of osculating Lagrange points were also found for large 
orbits of the sphere, although the nature and significance of these impacts has not been understood yet.
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After having used in the study of the dynamics for one, two or three bodies, the gravitational potential 
developed in chapter 2, in chapter 7 a new gravitational model was introduced; the point masses model. 
The point masses model is a very simplified model for the potential of elongated bodies, which is given 
by a set of cotangent spheres that represents the shape of the body. Using cotangent spheres allowed 
us to model in a very simple way bodies that are not symmetrical or have irregular shapes. With this 
potential, the number, location and behaviour of relative equilibrium points were studied, giving a special 
attention in the possible bifurcations of equilibrium points. Later on, using pictures and the technique 
of skeletonisation, four different asteroids, known for their non-spherical shapes, were modelled using 
a set of three or four cotangent spheres. When these models were compared to more realistic models 
for the asteroids that have been visited by spacecraft, chapter 7 showed that the point masses model 
reproduced the dynamics close to the relative equilibrium points with great accuracy even though the 
spheres represented just a crude approximation of the shape of the body. This result motivates the choice 
and use of this potential when pictures of the asteroids are available.
Finally, in chapter 8, using the gravitational potential developed in chapter 7, and the diTerent mathe- 
matical models used throughout the thesis, as well as the F3BP and the SyRF4BP developed in this 
chapter, the focusing effect around equilibrium points was studied. It was shown that the tubes given by 
the invariant manifolds of periodic orbits around equilibrium points can be used to focus material with low 
relative velocities in particular regions of the configuration space. Combining this fact with the theories 
of the formation of the Solar System, chapter 8 proposed a methodology that can be used to explain the 
coagulation of mass during the early years of its formation. The high density areas next to non-spherical 
bodies, produced by the tubes, is where mass could have been accreted, forming small bodies. As the 
mass of the small bodies was increased, the focusing effect was more pronounced. Chapter 8 also dealt 
with what happened to the masses accreted as they continued growing and two possible outcomes were 
concluded. Depending on the shape and rotation of the initial non-spherical body, the small bodies can 
then either separate from the vicinity of the non-spherical one, due to perturbations, or fuse with the 
original body, changing its shape and rotation in the process. In the latter case, the process of accretion 
could have been repeated, changing the shape and rotation of the body, until the equilibrium points fall 
inside of it. Many other mechanisms must have had an important role in the formation and evolution 
of asteroids. However, chapter 8 can complement them by giving a mechanism of how the non-spherical 
shape of the first bodies of the Solar-System might have helped in clearing the nebula of dust around the 
protosun, by focusing material in particular regions.
9.2 A ssessm ent of objectives
As defined in chapter 1, the overall aim of this research was to study and understand the non-linear 
dynamical environment around a rotating non-spherical body or around a binary system when at least 
one of the bodies was not a sphere, as well as to understand the dynamics of the binary system itself. In 
order to achieve this goal, a gravitational potential had to be developed first. Finally, with the knowledge 
gathered by the study of the non-linear dynamics around rotating non-spherical bodies and binaries, the 
aim was to propose a methodology that could explain the rotational history and evolution of elongated 
bodies. In order to accomplish the aims outlined, the research was divided into a set of general objectives. 
W hat follows is an assessment of this research towards accomplishing the aims and objectives proposed.
» The first objective was to derive a gravitational potential of a non-spherical body that is easy 
to implement, that can be computed on-board a spacecraft and can be used near the surface of 
the body and also far Rom it. In chapter 2 a gravitational potential in terms of spherical Bessel 
functions and spherical harmonics was derived, that satisfied the required constraints. Moreover, 
in chapter 7 another gravitational potential using cotangent spheres was used. The first model was 
used to study the dynamics around a rotating non-spherical body, the dynamics of two massive 
bodies orbiting each other, and the dynamics of a massless particle or spacecraft in the vicinity 
of the massive bodies. In the last chapter, were all the different mathematical models studied 
throughout the thesis were used, for simplicity, the simplified potential of the cotangent spheres 
was used. Although both potentials can represent the dynamics close to non-spherical bodies, the 
later potential can represent asymmetries and strange shapes in a very easy way.
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•  The second objective was to understand the transport of material in the vicinity of non-spherical 
asteroids and the formation of secondary bodies. Chapter 3, after analysing the dynamics of massless 
particles around an asteroid, presents a detailed study of the short and long term behaviour of dust 
ejecta. This study aimed to explain the ejection and redistribution of mass from a non-spherical 
body. The invariant manifolds of periodic orbits studied in this chapter form the paths that material 
use to be transported from the interior realm to the exterior realm of the body or vice-versa. This 
same invariant manifolds, in chapter 8, are used to explain the formation of secondary small bodies 
that might have happened during the early years of formation of the Solar-System.
• The third objective was to use the non-linear dynamics around non-spherical bodies to design land­
ing trajectories. Motivated by the theory developed in chapters 2 and 3, in chapter 4 a methodology 
that allows for a vertical controlled soft landing is proposed. This methodology makes use of the 
fact that the invariant manifolds of periodic orbits approach the body with low relative velocities.
• When considering two bodies with mass orbiting their common barycentre, the objective was to 
study the dynamics around the equilibrium configuration, and to find an analytical approximation 
that encapsulates information of the full system. In chapter 5 the dynamics close to equilibrium 
were investigated finding a mechanism that allows to find periodic orbits for a given energy and 
angular momentum of the system. Moreover, trajectories that are a perturbation of the equilibrium 
configurations were approximated by the movement of a linear pendulum. The linear pendulum 
equations allowed us to have some information about the orbit for the sphere close to equilibrium 
given the initial conditions. Although we have not used further the results given by the pendulum, 
the extremely simplified dynamics that represent can be used as underlying dynamics when massless 
particles are introduced in the vicinity of the bodies. Furthermore, these simplified dynamics might 
help to understand the cases of real binaries that are very close to relative equilibrium configurations 
in an analytical way.
• Once a massless particle is introduced in the vicinity of a binary in equilibrium, our objective was 
to study the differences between this system and the well known restricted three body problem, 
RTBP. When the binary was not in relative equilibrium, the objective was to understand the effect 
of the non-autonomous dynamics in the problem. In chapter 6 both cases were considered. For 
the case were the binary is in equilibrium, the difference in behaviour of the Lagrange points of 
the problem and the RTBP was studied, with special emphasis on the behaviour of the collinear 
points for which analytical proofs of their behaviour were given. Moreover, the horseshoe orbits 
were also compared with the RTBP ones, and a study of how they depended on the shape of the 
non-spherical body was done. Regarding the non-equilibrium case for the binaries, more work has 
to be done, but the similarity in the time-scales present in the problem makes it difficult to predict 
the non-autonomous dynamics effect on the massless particle.
• Finally, given the dynamics studied throughout the thesis, the last objective was to design a metho­
dology that can explain the shape and rotation history of asteroids. In chapter 8, using the non-linear 
dynamics near rotating non-spherical bodies that arise near the saddle-centre equilibrium points, 
and using other mathematical models with more bodies, a mechanism has been proposed. This 
mechanism tries to explain how the non-spherical shape of the first bodies of the Solar-System might 
have helped in clearing the dust nebula around the protosun, forming small bodies by coagulation 
that can change fuse with the original bodies changing their shape and rotation.
9.3 C onclusions and discussion
In the following list we summarise the conclusions that have been reached in this thesis and the implica­
tions that they have. These conclusions represent the outcomes of the research and our contribution to 
the state of the art of the different topics studied. In some cases, they pose new questions that would be 
interesting to answer in future work that we will discuss in the following section.
• Using spherical Bessel junctions, spherical harmonics and different choices for the coefficients, 
the dynamics given by the gravitational potential of a non-spherical body near its surface can be
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approximated in a computationally efficient way.
Although the gravitational potential developed in this thesis is not as accurate as other models 
used in the literature such as the polyhedron model, the gravitational potential in terms of spher­
ical Bessel functions can be implemented on-board a spacecraft as it is just a truncated series. 
Moreover it can be chosen in such a way that the derived dynamics satisfy given constraints such 
as the equilibrium points located at a given position. Therefore, it can be used to model the non­
linear dynamics of more complicated gravitational potential without the computational burden and 
without knowing the shape of the body with accurate detail.
The stable manifolds of periodic orbits about the saddle-centre equilibrium points of rotating non- 
spherical bodies classify the short behaviour of the ejecta.
Therefore, given the rotation and shape of an asteroid, it is possible to determine the areas sur­
rounded by dust debris and the areas on the surface where ejecta can accumulate by analysing 
the behaviour of the manifolds. Moreover, the possible trajectories and behaviour of impact ejecta 
created by a spacecraft can be understood. Understanding which is the behaviour of dust and small 
ejecta in small bodies such as asteroids and comets is of great importance in order to avoid the 
areas where there could be a threat for a spacecraft.
The unstable manifolds of periodic orbits about equilibrium points of rotating non-spherical bodies 
approach the surface of the body.
For elongated bodies with rotation periods that allow the saddle-centre points to be outside of the 
body, the invariant manifolds of periodic orbits approach the surface of the body. Moreover, for 
particular longer rotation periods (about 1 Ohours) these manifolds orbit the body at close proximity 
several times before impacting on the body. Therefore, it is possible to design a landing strategy 
that takes advantage of the fuel-free paths that the manifolds represent. Implementing a control 
strategy, a soft controlled landing can be achieved with small increments of velocity. In this work, 
perturbations from other forces like the solar radiation pressure have not been included. For large 
asteroids these perturbations might have small effects, but the behaviour of the manifolds when 
these perturbations are considered should be studied.
The RF3BP when the primaries are in short axis equilibrium configuration differs completely from  
the RTBP.
One of the collinear points changes behaviour and two other saddle-centre equilibrium points appear. 
This behaviour comes from the case where there is only one elongated body rotating and a massless 
particle. For this case four relative equilibrium points exist. As mass is accumulated on the short 
axis equilibrium point, four equilibrium points appear next to the new small mass and the three 
other equilibria remain approximately the same. As the size of the secondary body grows the two 
long axis points approach each other until they collide with one the collinear points and a bifurcation 
occurs. At this moment the problem start resembling the long axis case and the RTBP. In  this 
thesis we have proven the behaviour of the equilibrium points analytically.
The number of horseshoe orbits when the non-spherical body becomes more elongated decreases.
The horseshoe orbits for small mass parameters come from perturbations of simple Keplerian orbits. 
As the elongation of the body increases, the perturbed Keplerian orbits cease to exist. For the short 
axis case, for levels of the energy that allow the zero velocity curves to break at the Le and Ly points, 
the family of horseshoe orbits gives rise to a family of smiley orbits around Lg when this is a stable 
point.
The three time-scales present on the RF3BP problem (the frequency of the elongated body, the 
frequency of oscillation of the sphere around the equilibrium point and the frequency of oscillation 
of the massless particle around the Lagrange points) are of comparable size for non-spherical binaries 
that have their sizes comparable.
Due to the fact that the time scales are comparable no averaging technique can be done. Therefore, 
it is not possible to predict the dynamics of a spacecraft close to equilibrium when the binary is not
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in perfect equilibrium and other simplifications should be done. Using the analytical description of 
the binary movement developed in chapter 5 could be a starting point for a study of the dynamics 
for a spacecraft next to a binary close to equilibrium.
• The non-linear dynamics given by the non-spherical shapes of asteroids creates regions in configu­
ration space where material can be focused.
When these regions accumulate mass, the focusing effect increases and a secondary body is created. 
The secondary body will continue growing via the same mechanism until either it fuses with the 
original non-spherical body changing its shape and rotation, or it migrates outwards. Then this 
process can be repeated. Therefore the non-linear dynamics given by rotating non-spherical bodies 
create a mechanism that makes the bodies less spherical. However, this mechanism changes when 
the equilibrium points fall inside the non-spherical body. In this case, the mass is not focused 
in regions where a secondary body can grow but it is accumulated in particular regions on the 
surface of the body. Then a new mechanism for the shape evolution of the asteroid is given by the 
non-spherical shape.
9.4 Future work
In the different topics that have been studied throughout this thesis, there have been many questions that 
have been left unanswered. Moreover, many other avenues and directions could be followed to continue 
and complement the research in this field. The following represents some of the work that would be 
interesting to be addressed in the future.
G rav ita tio n a l p o ten tia l In chapter 2 we have seen how the coefficients of the internal potential 
expansion can be chosen to satisfy that the equilibrium points are on a particular location. If a lot of 
information of an asteroid is known, in a way that we can compute the polyhedron gravitational model, 
it would be interesting to have the expansion developed in chapter 2, not only that satisfies that the 
location of the equilibria is given, but that the eigenvalues, and therefore, their behaviours match as well. 
In order to do this, equations for the behaviour of the eigenvalues have to be added on the system of 
equations to solve. Although the difficulty in solving the system increases, it still can be solved as there 
are infinite choices possible of the coefficients. Once the system of equations is solved, we would have an 
expansion of the potential that can mimic the dynamics exactly near the equilibrium points, of a much 
more complex gravitational potential.
R F 2 B P  In chapter 3 the dynamics for a massless particle were studied assuming that the non-spherical 
body was rotating uniformly and that there were no other forces acting on the system. However, when 
observing real asteroids, although the majority have a constant rotation, this rotation is not perfect as 
small precession an nutation movements can be observed. It would be interesting to be able to model 
these perturbations in the dynamics and to study what is the effect of these movements on the equilibrium 
points. Moreover, for more realistic studies, and specially for small asteroids, the effect of the Sun should 
be considered on the dynamics.
L and ing  on  as te ro id s  In this thesis we have designed an asteroid landing strategy that, because it uses 
invariant manifolds to approach the body, is nearly fuel optimal. However, in order to apply this strategy 
to real missions, other perturbations have to be added into the system. Mainly, the more important forces 
that should be added are the perturbation from the Sun and the solar radiation pressure. A study of the 
effect of these forces on the landing manoeuvres should be considered. Furthermore, during the landing 
manoeuvre designed, the last part uses a pd controller to guarantee that the landing is orthogonal to 
the surface. It would be interesting to consider other controllers as well in case the A v  can be reduced 
further, specially when the other perturbations are added.
F 2 B P  In the problem of two bodies, when they both have mass, the majority of the work in chapter 
5 has been focused on the dynamical stability of the equilibrium points. To complement the results
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obtained in the literature, it would be interesting to study the dissipation of energy and conservation of 
angular momentum, and what happens to equilibrium points that are energetically unstable. As natural 
binary bodies tend to synchronise with time, the idea would be to apply the theory developed for the 
moons of the planets to binary asteroids. Then, we would be able to understand which is the process 
to follow to arrive to the different Cassini states [92], what is the effect of the non-spherical shapes, and 
at the same time, study their stability. Moreover, as already mentioned, the effect of the Sun should be 
included to have more realistic dynamics, specially the YORP and BYORP effect.
R F 3 B P  In chapter 6 the dynamics of a massless particle or spacecraft in the vicinity of a binary have 
been considered. Although in the thesis, the non-equilibrium case for the binary has been treated, much 
more work has to be done. First of all, the behaviour of the osculating Lagrange points, including their 
possible impacts, should be studied. Secondly, using the theory developed for the elliptical restricted three 
body problem and an analytical approximation of the dynamics of the binary near equilibrium, such as 
the pendulum motion developed, a pulsating rotating frame of reference could be used to simplify the 
dynamics and make them autonomous. Then, it would be possible to study in an easy way the dynamics of 
the massless particle and the existence of equilibrium points, periodic orbits and their invariant manifolds. 
All this work could be applied to real binary systems, as they are not in a perfect equilibrium configuration, 
but close to them. Finally, as before, the perturbations from the Sun should be added.
P o in t m asses m odel When using the point masses model, we have only used sets of three or four 
cotangent spheres to represent the body. However, given a skeleton of a shape, smaller spheres could be 
considered to represent the shape with more accuracy. Moreover, in this thesis we have only considered 
the planar problem, but there are many more combinations of four and more spheres that have a non- 
symmetric 3D representation. The motivation to start using spheres in this research was to be able 
to break the symmetries with respect to the x  and y  axes that we had in chapter 2, in an easy way. 
The spheres model also gives us the opportunity to break the symmetry of the z axis and consider the 
3-dimensional dynamics.
Focusing effect an d  fo rm atio n  o f secondaries In chapter 8 we have dealt with the focusing effect 
given by the non-linear dynamics around non-spherical bodies and possible formation of small ones. In 
the simulations shown in the chapter, the initial body is made of three identical spheres, and the body 
has a symmetry. Due to this symmetry, we considered that the accretion of mass was approximately 
symmetric and that the original body changed shape in a symmetric fashion. The choice of an initial 
symmetric body was just made for simplicity reasons, and one must understand that the non-symmetric 
case must have been more common in nature. Therefore, in future work, the effect of the initial choice of 
the shape for the non-spherical body should be studied, as well as the effect of the number of masses on 
the dynamics. Ideally, the study of the focusing effect and accretion of mass would have a very interesting 
result if it was possible to reverse the model, in order to find out, given a shape and a rotation period, 
the possible approximate initial shape of the asteroid.
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A. Appendix: Physical 
characteristics of asteroids
Name Type Mass Density Rot. Period Dimensions
433 Eros 
216 Kleopatra 
1620 Geographos 
25143 Itokawa 
4660 Nereus 
4769 Castalia
NEA
M.B.
NEA
NEA
NEA
NEA
6.69 • 10"^ kg 
4.64 • 10^ ® kg
2.60 • 10^3 kg
3.51 • lO^o kg 
5.10 • 10^1 kg
2.67g/cm^ 
3.6 g/cm^
2.0 g/cm^ 
1.9 g/cm^ 
2 g/cm^
2.1 g/cm^
5h 16 min 
5.385 h 
5.223 h 
12.132 h 
15.16 h 
4.095 h
34.4 X  11.2 X 11.2 km 
217 X 94 X  81 km 
5.1 X 1.8 X 1.8 km 
0.535 X 0.294 x 0.209 km 
0.510 X 0.330 X 0.241 km 
1.8 X 0.8 km
Table A.l; Physical characteristics of asteroids considered.
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B. Appendix: Gravitational potential 
coefficients of Eros and Itokawa
Order Degree Cnm Coefficient Snm Coefficient
n m Cnm Snm
0 0 l.OOOOOOOOOOOOe+00 O.OOOOOOOOOOOOe+00
1 0 1.175785831520e-03 O.OOOOOOOOOOOOe+00
1 1 -3.484427594460e-04 8.766452698130e-05
2 0 -5.285148878740e-02 O.OOOOOOOOOOOOe+00
2 1 1.021293512930e-04 8.3148274162506-02
2 2 1.171641181310e-05 -2.819769459150e-02
3 0 -1.746658679040e-03 O.OOOOOOOOOOOOe+00
3 1 4.086789748400e-03 -8.401928754980e-04
3 2 3.400820184730e-03 -1.049252521580e-02
3 3 2.127432677370e-03 -1.221642051680e-02
4 0 1.307711276510e-02 O.OOOOOOOOOOOOe+00
4 1 -1.449369221770e-04 -3.130233427200e-04
4 2 1.6479719805lOe-04 -1.946510011750e-04
4 3 -1.764730392110e-02 1.7693728638806-02
4 4 4.623965128100e-03 -9.118275274890e-03
5 0 8.040269731590e-04 O.OOOOOOOOOOOOe+00
5 1 -2.791765238870e-03 3.6015264399806-03
5 2 -1.230910225660e-03 5.901588590910e-04
5 3 -1.003790649660e-03 -7.741235325160e-04
5 4 4.497119857680e-04 -1.034639930470e-02
5 5 4.645819165710e-03 -5.986302199180e-03
6 0 -4.958280336910e-03 O.OOOOOOOOOOOOe+00
6 1 -5.848388650290e-05 -5.656243124620e-03
6 2 -8.779840037550e-05 1.798612884550e-03
6 3 6.600756525270e-03 -5.6285271945806-04
6 4 -1.188912547480e-03 -1.202848311210e-04
6 5 2.893725631600e-04 5.1871439810306-03
6 6 1.860196354340e-04 -1.562296163960e-03
Table B.l: Eros normalized gravity field coefficients through degree and order 6 for a constant density
gravity field from http://sbn.psi.edu/pds/resource/nearbrowse.html
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Order Degree C n m  Coefficient S n m  Coefficient
n m C n m S n m
7 0 -3.923399201210e-04 O.OOOOOOOOOOOOe-t-00
7 1 1.811938547760e-03 4.0757774759706-04
7 2 5.261744188700e-04 3.8439319022006-03
7 3 4.969228567990e-04 2.0359354410506-03
7 4 -2.347349608900e-04 1.5022110847706-04
7 5 -2.476609205240e-03 -4.4997495922706-04
7 6 -1.4583039129906-03 -6.790061431970e-03
7 7 -3.417036641460e-04 -2.244364637360e-03
8 0 2.3326982961906-03 O.OOOOOOOOOOOOe-t-00
8 1 1.176328666590e-04 3.886108808310e-04
8 2 3.362497962950e-05 3.491867096780e-05
8 3 -3.1227926577206-03 -2.2365383799406-03
8 4 3.4313693039206-04 4.701611646030e-06
8 5 -2.2438870710006-04 -5.1270498502906-04
8 6 -7.0637765821806-05 7.874768865870e-05
8 7 2.686346867920e-03 2.381956825870e-03
8 8 -4.1628938807706-04 1.3309952408106-03
9 0 2.0837559171506-04 O.OOOOOOOOOOOOe-f-00
9 1 -1.178840644000e-03 -9.7898570340406-04
9 2 -2.5667136541806-04 -1.426858610010e-04
9 3 -2.722648598350e-04 2.4359520474806-04
9 4 1.209458385260e-04 2.5515285273006-03
9 5 1.4429918422506-03 1.0320296577406-03
9 6 7.0530996133406-04 9.283364693910e-05
9 7 2.1310431533906-04 -2.0544622671606-04
9 8 -2.107677526960e-04 -3.7223118376106-03
9 9 -1.9188732278806-03 -9.6755314214806-04
10 0 -1.248967639670e-03 O.OOOOOOOOOOOOe+00
10 1 -1.1609253943506-04 1.264722906180e-03
10 2 -7.213596367630e-06 1.9931128784606-04
10 3 1.685644566410e-03 3.3590597763906-04
10 4 -8.9943913552506-05 -8.4800333015506-05
10 5 1.654276532790e-04 -1.197818966110e-03
10 6 1.014086290020e-05 -7.489964576750e-04
10 7 -1.4831055455306-03 -3.676819780660e-04
10 8 5.4717321603006-05 1.743637426720e-04
10 9 -2.4895797606706-04 1.7287152639106-03
10 10 1.7412991621706-05 1.9400782504606-03
Table B.2: Continuation of Eros normalized gravity field coeflScients through degree and order 10 for a
constant density gravity field from http://sbn.psi.edu/pds/resource/nearbrowse.html
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Order Degree Cnm Coefficient Snm Coefficient
n m Cnm Snm
11 0 -1.190283726000e-04 O.OOOOOOOOOOOOe+00
11 1 7.760862570840e-04 -1.364432003100e-04
11 2 1.388126009180e-04 -1.285874753440e-03
11 3 1.614103760450e-04 -6.192102507220e-04
11 4 -6.351910587980e-05 -1.185901948620e-04
11 5 -8.899570169650e-04 1.247571451850e-04
11 6 -3.845559889400e-04 1.466165690390e-03
11 7 -1.434581493120e-04 6.444114454580e-04
11 8 1.133263943250e-04 1.381854523050e-04
11 9 1.079663667450e-03 -8.158184226540e-05
11 10 5.484046400350e-04 -1.775104869060e-03
11 11 1.240210000940e-04 -8.301376620890e-04
12 0 7.256931959170e-04 O.OOOOOOOOOOOOe-t-00
12 1 9.643829496850e-05 -2.1154883066406-04
12 2 -3.341237746430e-06 7.152461372720e-05
12 3 -9.8628068581 lOe-04 7.197569750460e-04
12 4 9.846923705680e-06 4.7408763993706-04
12 5 -1.193356283570e-04 2.497341740410e-04
12 6 1.356511759680e-05 -1.234149507820e-04
12 7 8.852545661540e-04 -8.145742379970e-04
12 8 4.139273803930e-05 -8.917948715270e-04
12 9 1.611677244440e-04 -2.4213057692206-04
12 10 -3.435167880620e-05 1.6587204803106-04
12 11 -7.734284897900e-04 1.3404205777006-03
12 12 -1.963347146390e-04 1.6820311578406-03
13 0 7.172376069870e-05 O.OOOOOOOOOOOOe-bOO
13 1 -5.166324062220e-04 4.0023115512906-04
13 2 -8.113006587390e-05 1.1046530390306-04
13 3 -1.010131602060e-04 -8.2079306296206-05
13 4 3.474784511650e-05 -7.6667162220206-04
13 5 5.692056052810e-04 -4.5468033981506-04
13 6 2.274234109390e-04 -1.3811789172706-04
13 7 1.000384750630e-04 6.3750966152006-05
13 8 -6.437517725010e-05 7.5203597855606-04
13 9 -6.517574800310e-04 5.6858145537206-04
13 10 -3.3418322596006-04 1.8000247721906-04
13 11 -1.009113138600e-04 -3.8988958168706-05
13 12 8.223254404290e-05 -7.584317051630e-04
13 13 7.286727562360e-04 -9.9743332661 lOe-04
Table B.3: Continuation of Eros normalized gravity field coefficients through degree and order 13 for a
constant density gravity field from http://sbn.psi.edu/pds/resource/nearbrowse.html
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Order Degree Cnm Coefficient Snm. Coefficient
m
14 0 -4.442046152000e-04 O.OOOOOOOOOOOOe-fOO
14 1 -7.4228714987400-05 -4.518013990110e-04
14 2 6.557752099840e-06 -3.122583053580e-04
14 3 6.068552961990e-04 -1.660095915440e-04
14 4 1.352618296030e-05 8.126598527880e-05
14 5 8.500564310010e-05 4.6617239125300-04
14 6 -1.993821554100e-05 5.201175967790e-04
14 7 -5.525476490290e-04 1.814477497610e-04
14 8 -5.876528447840e-05 -1.056713705550e-04
14 9 -1.066563549550e-04 -5.646551560880e-04
14 10 3.514842922550e-05 -7.836203122960e-04
14 11 4.904225162360e-04 -1.672522769340e-04
14 12 1.565736315110e-04 1.072588566830e-04
14 13 1.365026688050e-04 8.818490908810e-04
14 14 -5.525236769910e-05 1.270255444990e-03
15 0 -4.5026854430700-05 O.OOOOOOOOOOOOe-kOO
15 1 3.461437350270e-04 5.748970216570e-05
15 2 4.998984139680e-05 4.450894420060e-04
15 3 6.562157430730e-05 3.166778688250e-04
15 4 -2.016101130070e-05 1.1447342221lOe-04
15 5 -3.720133629400e-04 -5.024679798710e-05
15 6 -1.416386791910e-04 -4.122582779140e-04
15 7 -7.072101740780e-05 -3.993979434370e-04
15 8 3.903365889700e-05 -1.521715266520e-04
15 9 4.105566819000e-04 3.682439339500e-05
15 10 2.132337704300e-04 3.479838528430e-04
15 11 7.836539956400e-05 5.755960747180e-04
15 12 -5.309839556230e-05 1.884659869080e-04
15 13 -4.412537861560e-04 -2.8660306598600-05
15 14 -2.658668277550e-04 -2.986297437300e-04
15 15 -9.099504643860^05 -1.088018942010e-03
16 0 2.806764164200e-04 O.OOOOOOOOOOOOe-fOO
16 1 5.482222421570e-05 1.132917927990e-04
16 2 -6.723454553440^06 -5.3779604362800-05
16 3 -3.848460310080e-04 -2.8243085484000-04
16 4 -1.753633349320e-05 -3.2764675345600-04
16 5 -6.008914160930e-05 -1.3185362078500-04
16 6 1.923568847920e-05 6.4790539373700-05
16 7 3.5381183052300-04 2.9833236960300-04
16 8 5.258377484830e-05 4.6355700968200-04
16 9 7.208190469860e-05 1.4047632712100-04
16 10 -3.020440998840e-05 -6.4758006277900-05
16 11 -3.170411557000e-04 -3.3463443624400-04
16 12 -1.161572167540e-04 -6.2738185461700-04
16 13 -9.103552293250e-05 -1.3524314074900-04
16 14 4.124129576330e-05 4.2220710880500-05
16 15 2.8966194241200-04 4.1868180446700-04
16 16 2.097936586020e-04 9.6380035593100-04
Table B.4: Continuation of Eros normalized gravity field coefficients through degree and order 16 for a 
constant density gravity field from http://sbn.psi.edu/pds/resource/nearbrowse.html
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Order Degree C'nm Coefficient Snm Coefficient
n m Cnm Snm
0 0 1.0
1 0 0.0
1 1 0.0 0.0
2 0 -0.145216
2 1 0.0 0.0
2 2 0.219420 0.0
3 0 0.036115
3 1 -0.028139 -0.006137
3 2 -0.046894 -0.046894
3 3 0.069022 0.033976
4 0 0.087852
4 1 0.034069 0.004870
4 2 -0.123263 0.000098
4 3 -0.030673 -0.015026
4 4 0.150282 0.011627
Table B.5: Itokawa normalized gravity field coefficients through degree and order 4 for a constant density 
gravity field, from [80]
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